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Abstract

A ratchet is an asymmetric, non-equilibriated system that can produce a

directed current of particles without the need for macroscopic potential gra-

dients. In rocked quantum electron ratchets, tunnelling and wave-reflection

can induce reversals in the direction of the net current as function of system

parameters.

An asymmetric quantum point contact in a GaAs/GaAlAs heterostruc-

ture has been studied experimentally as a realisation of a quantum electron

ratchet. A Landauer model predicts reversals in the direction of the net

current as a function of temperature, amplitude of the rocking voltage, and

Fermi energy.

Artifacts such as circuit-induced asymmetry, also known as "self-gating",

were carefully removed from the experimental data, which showed net current

and net differential conductance reversals, as predicted by the model. The

model also predicts the existence of a heat current where the net electron

current changes sign, as equal numbers of high and low energy electrons are

pumped in opposite directions by the asymmetric ratchet potential at this

point.

An idealised quantum electron ratchet is studied analytically as an en-

ergy selective electron heat engine and refrigerator. The hypothetical device

considered consists of two electron reservoirs with different temperatures and

Fermi energies. The reservoirs are linked via a resonant state in a quantum

dot, which functions as an idealised energy filter for electrons. The efficiency

of the device approaches the Carnot value when the energy transmitted by

the filter is tuned to that where the Fermi distributions in the reservoirs are

equal.

The maximum power regime, where the filter transmits all electrons that

contribute positively to the power, is also examined. Analytic expressions are

obtained for the power and efficiency of the idealised device as both a heat
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engine and as a refrigerator in this regime of operation. The expressions

depend on the ratio of the voltage to the difference in temperature of the

reservoirs, and on the ratio of the reservoir temperatures. The energy selec-

tive electron heat engine is shown to be non-endoreversible, and to operate

in an analogous manner to the three-level amplifier, a laser based quantum

heat engine. Implications for thermionic refrigerators and power generators

are discussed.
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Chapter 1

Outline

As reflected by the title, the work described in this thesis represents a journey

from the fabrication and experimental study of mesoscopic electron ratchets,

to a fully analytical analysis of the thermodynamics of energy selective elec-

tron heat engines. The thesis is divided into two parts along these lines, with

results presented essentially in the order they were obtained. The experi-

mental work appears first, while the most significant results obtained in the

thesis, the thermodynamic performance limits of energy selective electron

heat engines, are located towards the end in Chapter 7.

1.1 Part I

Quantum point contacts (QPCs) are one-dimensional constrictions for elec-

trons with a width close to that of an electron wavelength at temperatures

below 10K, around 50 nm. In the first part of this thesis, QPCs which are

asymmetric (wider at one end than the other) are studied as experimental

quantum ratchets. In general, ratchets are devices which utilise asymmetry

and a source of energy, such as non-directional fluctuations, to produce a

directed current of particles in the absence of net macroscopic forces. In

quantum ratchets, effects such as tunnelling and wave reflection affect the

operation of the ratchet, and can produce changes in the direction of the

8



CHAPTER 1. OUTLINE 9

rectified current. The aim of the experimental work presented in the first

part of this thesis was to observe reversals in the direction of the rectified

current in an asymmetric QPC and achieve an understanding of the physical

origin of these reversals using a numerical Landauer model.

Part I of the thesis consists of three chapters. The first (Chapter 2 of

the thesis) is an introduction to the physics of ratchets and QPCs. The

second (Chapter 3) consists of two main parts. Firstly the fabrication of the

devices and experimental setup used to measure the conductance of QPCs is

discussed. The second part of Chapter 3 describes a preliminary experimental

study of asymmetry in the conductance of QPCs. The conductance of a

quantum point contact may be asymmetric in the sign of the voltage as

a result of either asymmetry present in the device itself, or alternatively,

asymmetry in the experimental circuit used to measure the conductance. The

aim of the study was to examine two different experimental procedures which

may be used to distinguish between the above sources of asymmetry. One of

these procedures was then used to isolate that part of the conductance which

was due to device asymmetry in the experiment work described in Chapter

4.

Chapter 4 describes the study of an asymmetric QPC specifically as an

implementation of a quantum ratchet, and contains the main results of the

experimental section of the thesis. Firstly, a numerical model is developed

to understand how the conductance of an asymmetric QPC under positive

and negative voltages depends upon its shape. The conductance predicted

by this model as a function of temperature, Fermi energy and voltage is

then compared to the experimentally measured differential conductance of an

asymmetric quantum point contact, with good qualitative agreement between

the two.
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1.2 Part II

The entirely theoretical work presented in part II was motivated by questions

raised by the experimental work. One of the conclusions of the numerical

model presented in first part of the thesis is that the energy spectrum of

electrons transmitted through a quantum ratchet depends upon the sign of

the voltage applied across it. In other words, that the application of a square-

wave voltage to a quantum ratchet can result in a heat current, even when

the net electrical current is zero.

Chapter 5 is an introduction to heat engines in general, and electron heat

engines in particular, looking at thermionic and thermoelectric refrigerators

and power generators, as well as more recently developed cryogenic electron

refrigerators. Also discussed are thermal Brownian motors, which are ratch-

ets where energy supplied via a temperature variation is used to do work

against a load.

In Chapter 6, the numerically calculated efficiency of heat pumping by

a quantum ratchet constructed using an asymmetric quantum point contact

design is compared to that of an asymmetric resonant tunnelling double

barrier structure. It is found that the asymmetric QPC does not pump heat

very effectively, but that when resonances in the double barrier structure are

very narrow, the resonant tunnelling quantum ratchet can actually remove

heat from one side, that is, it can refrigerate an electron reservoir. In search

of the limiting efficiency of such resonant tunnelling ratchets, a very idealised

structure, to be called an "energy selective electron heat engine" (ESE heat

engine) in this thesis, was then studied analytically.

Chapter 7 describes results obtained for this generalised electron heat

engine in a number of different regimes of operation. The first analysed is the

maximum efficiency regime, where the performance of the ESE heat engine

is shown to be limited only by the Carnot efficiency. Analytical expressions

for the power and efficiency of the ESE heat engine and ESE refrigerator are

obtained for operation in the maximum power regime. Lastly, the regime

intermediate to these is studied numerically.
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Finally, in Chapter 8 it is shown that the work described in Chapter 7 is

expected to have significant implications for the design of practical electron

heat engines such as thermionic refrigerators and power generators, offering

improvements in both the power and efficiency. This is one of the most ex-

citing findings of this thesis, and illustrates somewhat the unpredictability of

scientific investigation, that what began as an experimental study of quan-

tum ratchets realised in quantum point contacts has led to new ideas for

improving the efficiency of refrigerators.



Part I

Experimental Mesoscopic

Quantum Ratchets
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Chapter 2

Introduction to Ratchets and

QPCs

2.1 Ratchets

2.1.1 What is a Ratchet?

A ratchet may be described as an asymmetric, non-equilibrated system in

which the random thermal motion of particles can be rectified to produce

directed motion, without the application of a time-averaged net macroscopic

force in the direction of motion. It is the presence of non-equilibrium which

distinguishes a ratchet from a perpetuum mobile of the second kind, that is,

a perpetual motion machine in which energy is conserved but the second law

of thermodynamics is not obeyed.

2.1.2 The Smoluchowski-Feynman Ratchet

A thought experiment originally proposed by Smoluchowski [1], and later

expanded upon by Feynmann in his Lectures on Physics [2], illustrates the

impossibility of rectifying thermal fluctuations with a system in equilibrium,

even if it contains a source of asymmetry. The system considered consists

of a microscopic vane, subject to Brownian motion due to collisions with

13
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Figure 2.1: The Smoluchowski-Feynman ratchet. The thermal fluctuations in the

vane on the right are intended to be rectified by the ratchet and pawl mechanism

on the left to do some work (such as lifting a small weight). However, if the

vane and the ratchet are held at the same temperature the device cannot operate

without violating the second law of thermodynamics.

atoms in a gas at a particular temperature, shown on the right in Figure

2.1, and a ‘ratchet and pawl’, shown on the left in Figure 2.1, also in the

same thermal bath as the vane. The ratchet teeth are asymmetric, so that

the progression of the ratchet in one direction is ‘easier’ than the other. The

intended purpose of the ratchet and pawl is to rectify the motion of the vane

so that rotation is more likely to occur in one direction than the other, in

order to do useful work such as lifting a small weight. If the device could

actually achieve this objective, then useful work would be obtained from a

system in equilibrium, in violation of the second law of thermodynamics.

The important point is that it is not only the vane, but also the ratchet

and pawl which are subject to Brownian motion, with the fluctuations in

energy of the spring holding the pawl due to collisions with the atoms in the

thermal bath causing it to occasionally lift up, allowing free rotation of the

ratchet beneath it. If they are at the same temperature as the vane, then a

detailed analysis [2] shows that the probability of forward and reverse motion

of the ratchet is the same, so that no useful work can be done by the system.
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Feynman also considered the situation where the ratchet and pawl is held at

a different temperature to the vane, and showed that in this non-equilibrium

case the system can operate as a heat engine to perform useful work. He

also estimated the conversion efficiency to be that of a Carnot engine, but

Parrondo and Español have shown this to be incorrect, and that the efficiency

of the Feynman ratchet is limited to a value below the Carnot efficiency [3].

2.1.3 Types of Ratchets

In his comprehensive review [4], Reimann distinguishes pulsating ratchets

[5, 6, 7, 8, 9, 10], in which the shape of the ratchet potential varies with time,

and tilting ratchets [11, 12, 13, 14, 15, 16], in which the ratchet potential is

subject to an external force with a time-average of zero (known as rocked

ratchets when the driving force is periodic). A simple example of a pulsating

ratchet where the potential alternates in time between two distinct potential

shapes (known as an on-off ratchet) is shown in Figure 2.2. Particles subject

to Brownian noise are confined by an asymmetric periodic potential, which

is later ’switched-off’ so that the particles may freely diffuse away from the

potential minima where they were previously collected. When the potential

is ’switched-on’ again, the asymmetry of the potential ensures that they are

more likely to be captured by the minima on the left (in this example) than

the minima on the right, and a net transfer of particles to the left occurs.

Even though no net macroscopic force has been used to obtain a net current

the non-equilibrium condition has been fulfilled as the input of energy is

required to lift the particles when the potential is reapplied.

Figure 2.3 shows a classical rocked ratchet. An asymmetric potential

tilted up and down symmetrically is shown at three different moments in

time during one period (τ) of operation, t = 0.25τ , tilted up, t = 0.5τ , at

zero tilt, and at t = 0.75τ , tilted down. The change in height of the potential

barriers when the asymmetric potential is rocked up and down means that

Brownian particles subject to the potential are more likely to have sufficient

energy to traverse the barriers to the right at t = 0.75τ in Figure 2.3, than
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Figure 2.2: A schematic of an on-off ratchet. An asymmetric potential is shown,

from the top down, at times t = 0, at t = 0.5τ , where it is ’switched off’,

and finally at t = τ , at which time it has been switched on again. Brownian

particles are confined to the potential minima at t = 0, when the potential is

dropped at t = 0.5τ they diffuse away. When the potential is reapplied at time

t = τ the asymmetry of the potential ensures that a particle is more likely to be

captured by the minima to the left than the minima to the right, so that a net

current of particles occurs. This process thus rectifies thermal motion to produce

a directed current of particles. This process is not in conflict with the second law

of thermodynamics as energy is supplied to the system each time the potential is

reapplied.
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Figure 2.3: A rocked ratchet. The three vertical figures (from top to bottom)

show the ratchet potential at time t = 0.25τ , t = 0.5τ and t = 0.75τ respectively,

where τ is the period of operation of the ratchet. The asymmetry of the potential

means that the heights of the potential barriers are lower at t = 0.75τ than at

t = 0.25τ , and operating the ratchet produces a net current of particles to the

right (in this particular case).

to the left at t = 0.25τ . This means that on average, a current of particles

will flow to the right in the rocked ratchet shown in Figure 2.3.

2.1.4 Applications

There are a number of reasons for studying particle transport in the pres-

ence of noise and absence of net macroscopic forces. One reason is that just

such an environment is found inside cells, where motor proteins such as ki-

nesin, myosin and dyneins utilise chemical energy gained by hydrolysis of

adenosinetriphosphate (ATP) into adenosinediphosphate (ADP) and phos-

phorous, to move along asymmetric (polar) pathways to transport vesicles

inside cells and to contract muscles, and are also important in the process of

cell division [17]. These biological systems have been modelled as ratchets

with some success, as reviewed in [18].

Another application of ratchets is in particle separation. If a small slope

(net force) is added to the ratchet potential in Figures 2.2 and 2.3 then
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particles may still be transported by the ratchet up the slope (up to some

’stopping’ force). If two types of particles are deposited in the ratchet, then

there exists the potential for one to be transported in the opposite direction

to the other (one up and one down the slope) allowing separation [19]. Sep-

aration of fragments of DNA suspended in water has been achieved using a

flashing asymmetric electric field, switched at a rate which allows fragments

with higher rates of diffusion to travel towards the electrodes more quickly

than others [20, 21, 22]. Other recently realised experimental schemes allow

for the transport of particles against a concentration gradient on a microm-

eter [23] and nanometer scale [24].

2.1.5 Quantum Ratchets

What distinguishes a quantum ratchet from the simple examples of classical

ratchets discussed earlier? If the classical Brownian particles in the rocked

ratchet shown in Figure 2.3 are replaced by quantum particles, which have

the ability to tunnel through narrow barriers and to be wave-reflected from

sharp barriers, then the crucial difference is that it is not just the change in

height of a potential barrier which determines the particle current through the

ratchet, but also the change in shape of the ratchet potential when it is tilted

up and down which is important in determining the magnitude and direction

of the current produced by the ratchet. A temperature dependent net current

reversal for quantum particles in a rocked ratchet was predicted theoretically

by Reimann et al. [25, 4] for an over-damped system (of non-fermions)

and has been observed experimentally by Linke et al. (with corresponding

numerical modelling by the author) [26] for electrons in the ballistic transport

regime. This experiment will be discussed in more detail in Chapter 3, as

it is the starting point for the experimental work described in this thesis.

Through the numerical model [26] a physical picture is developed of the

origin of the net current reversal in ballistic quantum ratchets, and this will

also be presented in Chapter 3 .

Linke et al. have also measured net current reversals in triangular quan-
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tum dots through which electron transport is coherent [27, 28, 29]. In that

experimental quantum ratchet system, current rectification was achieved via

interference effects, rather than as a result of tunnelling or wave reflection

effects, as is the case for the experimental quantum ratchets reported in [26]

and in this thesis.

2.2 Low-Dimensional Electron Transport in

Semiconductor Heterostructures

A semiconductor heterostructure was chosen for the physical implementation

of a quantum ratchet, as asymmetric potentials are easily implemented, and

techniques for measuring currents through such devcies at cryogenic tem-

peratures, where quantum effects such as tunelling and wave-reflection are

observable, is well-developed.

2.2.1 The Two-Dimensional Electron Gas in GaAs/AlGaAs

Semiconductor heterostructures are composed of a number of single crystal

layers of semiconductor material which are ‘grown’ on top of each other to

single-atomic-layer precision using techniques such as molecular beam epi-

taxy. GaAs and Al0.3Ga0.7As are direct bandgap semiconductor materials

which are often used because their lattice-constant is well matched, while

the bandgap of the materials differs by approximately 300meV. The result-

ing mismatch of the conductance band edges when the two different materials

are grown adjacent to each other causes band-bending, as electrons rearrange

themselves until the Fermi energy is constant across the interface. Figure 2.4

(a) shows the offset in conduction bands between the AlGaAs and GaAs, and

also that electrons from an AlGaAs layer doped with the electron donor Si

flow down to the GaAs layer as a result of the potential difference between

the band edges. The n-doped layer is separated from the GaAs by an Al-

GaAs spacer layer to improve the mobility of electrons at the AlGaAs/GaAs
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Figure 2.4: (a) shows the conduction band offset at the interface of AlGaAs and

GaAs. Free electrons from Si donors follow the gradient between the semiconductor

materials until the Fermi energy is constant across the interface. This situation is

shown in (b), where band-bending has produced a triangular quantum well at the

interface. Thermal smearing of the Fermi occupation function is not sufficient to

allow population of the second level in the well, so electrons are confined to the

plane defined by the interface of the semiconductors. Figure taken from [30] with

permission.

interface. Figure 2.4 (b) shows the band-bending which results from this

rearrangement of electrons.

The band-bending produces a triangular shaped potential well with a

spacing of allowed energy levels of the order of 30meV, large enough that the

second level is not thermally populated by electrons at cryogenic tempera-

tures, and thus confining electrons in the well to the interface of the GaAs

and AlGaAs and producing a ’two-dimensional electron gas’ (2DEG).

Further confinement to one- or zero dimensions (1D or 0D), and pattern-

ing of the 2DEG is possible, for example, by deep or shallow etching [31],

or surface-gate [32] techniques, and these are illustrated in Figure 2.5 (a),

(b) and (c). Etching is done by covering the wafer of semiconductor with a

resist, which is patterned by exposing a certain area by photolithography, for

large features (∼ mm→ 10µm), or a scanning electron microscope beam for

very small features (∼ 10µm→ 100 nm). After development, which removes
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Figure 2.5: (a) is a schematic of the amount of semiconductor material which

is removed to confine electrons in the ’deep-etching’ technique, showing the pro-

duction of surface-states at the edges of the confined 2DEG. (b) shallow etching

prevents the formation of surface states near the 2DEG, increasing its mobility.

(c) illustrates the use of metal top gates to confine the 2DEG below the surface.

Taken from [30] with permission.

the resist in exposed areas, the sample is etched using an acid and peroxide

to remove areas which have been exposed. The etch time determines how

many layers of semiconductor are removed. UV photolithography and deep

etching is generally used for fabricating Hall bars, an isolated area of 2DEG

approximately 50µm by 20µm in size, with a number of ohmics contacts,

as shown in figure 2.6. In the devices studied in this thesis, electron beam

lithography and shallow wet-etching was then used to confine the 2DEG in

the Hall bar to a smaller region which formed the quantum point contact

(QPC), shown in figure 2.7.

2.2.2 Quantum Point Contacts (QPCs)

Quantum point contacts, or QPCs, have been extensively studied since the

simultaneous discovery of quantised conductance by van Wees et al. [33]

and Wharam et al. [34] in 1988. Quantised conductance is only observed at

temperatures lower than ≈ 10K, where the mean free path of electrons is
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Figure 2.6: The Hall bar used for the devices is in the very centre of this pic-

ture (taken through a microscope, the field of view is a few mm2). The Ohmic

contacts (dark) and gates (whitish) are shown around it. These are composed of

Ge/Au/Ni/Au, and are contacted with bonding wires to a chip holder, and thereby

to the rest of the measurement setup.

longer than the length of the constriction, that is, where there is no scattering

events with impurities, and the transport can thus be described as ballistic.

The finite resistance of quantum point contacts does not arise from scattering

events (as is the case for diffusive transport), but rather from the small width

of the point contact constriction compared with that of the leads connecting

it to the experimental setup. Very many transverse modes exist in the 2DEG

far from the constriction, but the small width of the QPC (∼ 250 nm) means
that only a few transverse modes have an energy less than the Fermi energy,

so current is limited to the these.

2.2.3 The Landauer Equation

The Landauer equation [35, 36, 37, 38] (good overviews are given in [39, 40,

41]) relates the current through a ballistic conductor such as a quantum point

contact to the probability that an electron can be transmitted through it. It

is valid when the leads on either side of the conductor are reflectionless, that

is, when electrons can enter them from the conductor without suffering reflec-
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Figure 2.7: This magnified picture of the Hall bar shows just the central region

of figure 2.6, and was taken using a scanning electron microscope (SEM). The

2DEG lies in the plane of the image below the surface. The light-coloured lines

in the centre are the etched regions which outline the shape of the point contact.

Around the outside the ohmic contacts may be seen (shiny due to the deposited

metal). The top right and bottom left ohmics contact the 2DEG on either side

of the central point contact, forming the ‘side-gates’ which were used to adjust

the width of the point contact. The white line just visible at the bottom centre

corresponds to 10µm.

tions. The central idea of this formalism is that the total current through the

conductor is given by the difference between the left and right-going currents

of electrons. Each of these currents is determined, as a function of electron

energy, by the product of the density of states, Fermi occupation function,

velocity and transmission probability of the electrons across the conductor.

The current due to electrons from the left is then given by

IL = 2e

Z ∞

0

f [E(k), εL, TL]ν(k)τ(k, Vsd)
dk

2π
(2.1)

In this equation the factor of the electronic charge e = −1.6× 10−19 changes
number current to charge current. The factor of 2 at the front of the integral

accounts for spin while dk/2π is the density of k states in one-dimension.

f [E(k), εL, TL] is the Fermi occupation function in the left lead, which gives
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Figure 2.8: The Fermi occupation function of two electron reservoirs with different

Fermi energies is shown. The current flowing between these reservoirs as a function

of energy depends upon the difference in the occupation of states, fL − fR, and

the transmission probability, τ(E, eVsd), where E is the energy of electrons and

Vsd is the source-drain voltage between the reservoirs. The electronic charge e =

−1.6 × 10−19, TC and TH are the temperatures in the reservoirs, and εF is the

Fermi energies in the reservoirs when Vsd = 0.
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the probability that a state is occupied, and is a function of the energy, E, of

the state, the Fermi energy, ε, and the temperature, T , of the lead. ν(k) is

the velocity of the electrons while τ is the probability that an electron with

wavevector k is transmitted through the conductor. It is usually more con-

venient to integrate over energy, so the following substitution into equation

2.1 is made:

dk =
dk

dE
dE =

1

~ν
dE (2.2)

IL =
2e

h

Z ∞

UL

f [E, εL, TL]τ(E, Vsd)dE (2.3)

Here the bottom of the conduction band in the left lead is denoted by UL.

A common lower limit of integration may be used for the left and right lead

currents if transport only occurs at energies much higher than the bottom of

the left and right bands, or if the greater of UL and UR is used. The Fermi

distribution on the left is given by:

f [E, εL, TL] =
1

1 + exp E−εL
kTL

(2.4)

The Fermi distributions in the left and right reservoirs are illustrated in

Figure 2.8. The equation for the current due to electrons from the right is

obtained similarly as

IR = −2e
h

Z ∞

UR

f [E, εR, TR]τ(E, Vsd)dE (2.5)

The total current is then

I (Vsd) = IL + IR =
2e

h

Z ∞

U0

τ(E, Vsd){f [E, εL, TL]− f [E, εR, TR]}dE (2.6)

This equation will be used to model transport through the asymmet-

ric quantum point contact studied experimentally in this thesis. There is

excellent agreement between Landauer equation and experimental results

[39, 40, 41].



Chapter 3

Asymmetric Conductance in

QPCs

3.1 Experimental Devices and Set-up

This chapter provides background information to Chapter 4. It outlines

the devices and measurement setup, as well as a preliminary experiment, the

purpose of which is to develop techniques for differentiating between different

sources of asymmetry in conductance data from quantum point contacts. One

of these techniques is then utilised in the main experimental work, which will

be presented in Chapter 4.

3.1.1 Devices: Background, Fabrication and Charac-

terization

The devices studied in this thesis were fabricated by the author in 2001 at the

Ørsted Laboratory, Niels Bohr Institute, Copenhagen University, Denmark.

Full details of the fabrication methods and parameters may be found in

Appendix A.

Figure 3.1 is a diagram of the AlGaAs heterostructure wafer used as a

starting point to make the devices. The wafer was grown by Claus Sørensen

26



CHAPTER 3. ASYMMETRIC CONDUCTANCE IN QPCS 27

Figure 3.1: The heterostructure used for the devices. The 2DEG is located at the

interface of the GaAs buffer and GaAlAs spacer layers.

in 1998 at the same institute. Figures 3.2 and 3.3 are scanning electron

microscope images of the symmetric and asymmetric devices used in the

experiments. Shubnikov-de Haas and Hall measurements were made on the

samples by the author and it was found that the electron density was 2.05×
1015 cm−2, and the Fermi energy, εF = 7.5 m eV.

3.1.2 Experimental Setup

Equipment

The experiments were performed using an Oxford Instruments Heliox pumped
3He cryogenic system to achieve the base temperature of 0.23 K. An Iotech

DAC488 Digital-to-Analog converter (DAC) was used to provide the DC

source-drain voltages for the gates and bias voltages, while SR830 lock-in

amplifiers were used as an AC source and to measure voltages across the

device. The temperature of the device was measured using a Lakeshore Ger-

manium resistor with a range of 30 mK to 5 K, which was located at the

position of the device and heat sunk in the same manner. Temperatures

above 5 K were measured using an Oxford instruments ITC (intelligent tem-

perature controller) with a RuO resistor. A LabView software program was
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Figure 3.2: A SEM image of the asymmetric device D3 used in the experiments.

The dark lines are etched trenches 50nm deep which deplete the 2DEG and so

electrostatically define the device. A voltage, Vsd, is applied between the source

and drain contacts and the conductance measured between the remaining two

ohmics, as shown in figure 2.7. The areas above and below the device are contacted

separately to the rest of the 2DEG and used as side gates to electrostatically tune

the QPC width.

Figure 3.3: A SEM image of the symmetric device A5 used in the experiments.

The shape is made by reflecting D3, shown in Figure 3.2, about its right edge.
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used for control and data acquisition.

Measurement Circuit

Figure 3.4 shows the experimental circuit used. The Hall bar of the device

is located at the top left of the figure, together with an indication of the

lithography which separates the 2DEG in the Hall bar into side-gates (top

right and bottom left), and the main conducting regions on either side of the

QPC, connected via ohmic contacts to current (left and right centre) and

voltage probes (top left and bottom right).

The gate voltage, which adjusts the width of the QPC, is applied using

the DAC, whose four outputs are indicated in a box at the top right of

the figure. Each output could be controlled independently using LabView

software. The current through the device was calculated by measuring the

voltage over a known (1K) resistor in series with the device, using a Lock-

in amplifier (designated LI7 in the diagram). The voltage dropped over

the device was measured using another Lock-in amplifier (designated LI8).

Separate Ohmic contacts were used to carry current and to measure voltage

(four-terminal measurement).

The signal sent to the device consisted of a DC component and a small

AC component at 183Hz. These were added using the circuit shown at

the bottom of the figure (the ‘AC/DC adder box’), which also reduced the

magnitude of the DC voltage by a factor of 700 and reduced the amplitude

of the AC voltage by a factor of 750, in order that larger DC and AC input

voltages could be used (2V AC at the output of Lock-in 7 was reduced to

0.025mV at the device).

A relay switch (shown top right) was used to switch the grounding point

of the gate to ground, or to half the bias voltage, by way of the two 100K re-

sistors, which form a voltage divider. These two measurement configurations

will be discussed in detail in the remainder of this chapter. The relay was

controlled by a LabView program through a 0/10V voltage from the digital

to analog convertor (DAC). The capacitor between the voltage divider and



CHAPTER 3. ASYMMETRIC CONDUCTANCE IN QPCS 30

Figure 3.4: The circuit used for the measurements is shown. The device and its

Ohmic contacts are shown in the top left-hand corner. The source-drain voltage

is applied through a relay-switch box which was used to switch the source and

drain Ohmics between ’Forward’ and ’Reverse’ measurement configurations. The

DC and and AC components of the source drain voltage originate at the DAC

and a lock-in amplifier (marked LI7) respectively and are combined through the

AC/DC adderbox, the circuit of which is shown in the bottom left corner of the

figure. The voltages over the device and the 1K resistor were measured with lock-in

amplifiers LI8 and LI7 respectively at the frequency of the AC part of the source-

drain voltage, 83Hz. The gate voltage was applied using the DAC (see the upper

right corner of the figure) with respect to either ground or half the source-drain

voltage via the voltage divider in the top right corner, depending upon whether

the circuit was to be asymmetrically or symmetrically gated. In the range 0.23K

to 5K, the temperature was measured using the circuit shown at the bottom right

of the figure, where LI6 refers to a lock-in amplifier.
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the DAC low acted as a low pass filter to prevent the white noise (∼mV
in magnitude) on the DAC low being transmitted to the device. The tem-

perature of the device was measured using the circuit shown in the bottom

right of the diagram, where the resistor labelled ‘Lakeshore’ indicates the

Lakeshore Ge resistor.

Experimental Methods

The experiments described in this thesis are concerned with measuring asym-

metry in the conductance of QPCs which are lithographically asymmetric. In

order to eliminate the possibility that asymmetry in the experimental data

originated in the ohmics on the devices which were used as the source and

drain contacts, measurements were made of the resistances of the these con-

tacts of the as a function of the source-drain voltage. The source and drain

contacts on device A5 had resistances of 208±7Ω and 215±10Ω respectively,
while those for the asymmetric device D3 had resistances of 205 ± 5Ω and

204 ± 10Ω for Vsd = ±3mV. While the variation in the resistance of the
contacts is up to 5% across the voltage range considered, it will be shown

later that the lithographically symmetric device A5 yielded very symmetric

data when measured under a symmetric gating setup, so it can be assumed

that this level of variation in the resistance of the contacts did not contribute

significantly to the asymmetry observed in the data when the experimental

setup was switched to an asymmetric gating setup, or in the data from device

D3, which was lithographically asymmetric.

In order to increase the signal to noise ratio in the experiment, a small AC

signal was added to the DC source-drain voltage across the device. Lock-in

amplifiers tuned to the frequency of the AC signal then measure the change in

the conductance of the device due to the change in the voltage over the device,

the differential conductance, dI/dVsd. The AC voltage was always < 50µV

in magnitude, which is approximately twice kT at 300mK. It is important

that the magnitude of the AC signal used is large enough that it can be

distinguished from thermal noise by the Lock-in amplifiers, but small enough
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that it does not cause unnecessary heating of the electrons in the device. The

frequency of the AC signal, 183Hz, was carefully chosen to be high enough

to reduce noise in the data, but low enough that the measurements were not

frequency dependent. It is also important that the chosen frequency not be

close to a multiple of 50Hz, the power supply frequency. Time constants of 1 s

were used on all the lockin amplifiers. This averaging time best balanced the

competing requirements of low noise and finite measurement time. In the

measurements, two of the three variable parameters (temperature, source-

drain voltage and gate voltage) were kept constant whilst the other was

swept. Details of the data analysis are given in Appendix B.

3.2 Distinguishing Circuit and Device Asym-

metry

Measuring the conductance of asymmetric QPCs is complicated by the fact

that, in general, the conductance of even lithographically symmetric QPCs

is asymmetric under a change in the sign of the source-drain voltage (see, for

example, [42, 43]). This is due to the fact that the grounding point of the

gate and that of the source-drain voltage are not independent, and leads to

a variation in the ‘effective’ gate voltage along the length of the device and

a corresponding change in the conducting width along the device, depending

upon the polarity of the source-drain voltage.

This type of asymmetry occurs in all gated devices, and also in devices

which are capacitively coupled to a nearby equipotential region such as a

parallel 2DEG. The effect is central to the operation of many commercial

semiconductor devices such as MOSFETs, where it is responsible for the

existence of ‘pinch-off’ [44]. Here, this source of non-symmetric conductance

will be termed ‘circuit induced asymmetry’ (CIA).

In the experimental work presented in this thesis, we are primarily in-

terested in non-symmetric conductance due to geometric asymmetry in the

QPC itself, and any other source of non-symmetric conductance, such as
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CIA, is an artefact that needs to be removed from the data. This section

focuses on how this can be achieved, and consists of three parts.

1. Firstly, the physical origin of non-symmetric conductance due to CIA

will be distinguished from that due to geometric asymmetry of the QPC

in the direction of transport.

2. Two different techniques for removing CIA will be discussed. The first

utilises symmetry relationships between the effects of CIA and device

asymmetry on the conductance.

3. The second involves removing the component of the non-symmetric

conductance due to CIA by applying the gate voltage with respect

to the potential at the narrowest part of the QPC (setting the gate

grounding point to half the source-drain voltage).

A preliminary experimental test of the effectiveness of the above two

techniques will then be presented in the next section of this chapter.

3.2.1 Circuit Induced Asymmetry

Figure 3.5 (a) illustrates how asymmetry in the grounding point of the gate

with respect to the narrowest part of a QPC can result in non-symmetric

conductance. The three sets of curves indicate the width of the QPC for

zero, positive and negative source-drain voltages in the presence of a side

gate voltage applied across the length of the device. The width of the right

end of the QPC remains constant, determined by the applied gate voltage.

The width of the left side of the QPC varies with the sign of the source-drain

voltage.

To see why this is the case, note that the application of a source-drain

voltage establishes an electric field across the device in the direction of trans-

port, which interacts self-consistently with the electrons in the gate, or any

nearby equipotential region. The electrons in the gate arrange themselves

in response to this field to maintain a constant electric potential. The sum
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Figure 3.5: (a) and (b) show the effect of CIA on the conducting width of a

symmetric, non-rigid device. The conductance of the device is different for source

drain voltages of opposite sign, but the same if the source-drain contacts are re-

versed. For example, the width of the QPC in (a) for a positive source-drain voltage

(‘Fpos’), is not the same as that for a negative source-drain voltage (‘Fneg’), but

is the same as that in (b) for a positive source-drain voltage (‘Rpos’). (c) and

(d) show the confinement potential (not the width) of a rigid, asymmetric QPC

under source-drain voltages of opposite sign. The conductance of the device is

different if either the sign of the source-drain voltage or the device configuration is

reversed, but the same if both the sign of the source-drain voltage and the device

configuration is reversed. To see (qualitatively) that this can be the case, note

that the shape of the barrier for positive source-drain voltage in (c) is different

from that for negative source drain voltages in (c), but the same shape as that for

negative source-drain voltages in (d), where the source and drain contacts have

been switched. All this means is that if you flip the device, and switch the polarity

of the source-drain voltage, the potential landscape in the device must be identical

(in the absence of nearby, non-floating equipotential regions, i.e. as long as the

device is rigid). The implication is that the effects of non-rigidity can be removed

by averaging these two situations.



CHAPTER 3. ASYMMETRIC CONDUCTANCE IN QPCS 35

Figure 3.6: A schematic of the relationship between the variables Vsd, Vsd(x), Vg
and V eff

g (x).

of the ‘effective’ gate voltage, V eff
g (x), and the source-drain voltage Vsd(x),

must be constant along the device, and equal to the applied gate voltage,

Vg.(See Figure 3.6 for an illustration of the relationship between these vari-

ables). The result is that the conducting width of the device is increased

(for negative Vsd) or reduced (for positive Vsd) by differing amounts along

the length of the device, as illustrated in Figure 3.5.

In general, the magnitude of the asymmetry in the conductance due to

CIA depends on the particular QPC studied (upon, for instance, the fabri-

cation techniques and semiconductor materials used). Following [42, 43, 45],

in this thesis a device will be defined as rigid if CIA makes a negligible con-

tribution to the conductance. Note that in [42, 43], the term ‘self-gating’

has been used to describe any dependence of the potential profile of a gated

device upon the source-drain voltage. We may therefore distinguish between

‘self-gating’ and CIA, which is limited to the effect on the conductance of

the variation in the width of the device due to the self-consistent interaction

of the source-drain and gate voltages.

The above distinction is quite important, as it is the dependence of the

shape of an asymmetric potential upon the sign of the applied source-drain

voltage which is central to the effect of interest in the experimental part of

this thesis, that is, the ability of a quantum ratchet to produce a net current

(and net current reversals) under the application of a square-wave source-

drain voltage. In a QPC, the potential barrier for the electrons arises due

to quantum confinement, with a smaller width giving a higher barrier. In
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Figure 3.5 (c), the shape of the confinement potential (not the QPC width

as shown in (a) and (b)) of a asymmetric QPC (as in Figure 3.2) is indicated

under zero, positive and negative source-drain voltages. The conductance of

the asymmetric QPC is different for source-drain voltages of opposite sign

because the potential barrier is deformed in a different way when tilted in

opposite directions. This effect is simply that which was discussed in the

introduction (§2.1.3).

3.2.2 Using Symmetry Relations to Remove CIA

We now focus upon techniques which may be used to remove the effect of CIA

from experimental differential conductance measurements, leaving only the

contribution from geometric asymmetry in the device. The first technique

considered requires that in addition to measuring the differential conduc-

tance, dI/dVsd, of a QPC for positive and negative source-drain voltages,

these two measurements are repeated after switching the source and drain

contacts on the device. In this work, the differential conductance of the de-

vice for each of these four measurements will be denoted gFpos, gFneg, gRpos
and gRneg. Here ‘F’ stands for ‘Forward’ and ‘R’ for ‘Reverse’ measurement

configuration, in which the source and drain contacts to the device have been

reversed (swapped), while the ‘pos’ and ‘neg’ denote the sign of the source-

drain voltage. The measurements are illustrated in Figure 3.5 (a) and (b).

Certain symmetry relationships exist between these four measurements, and

these may be utilised to remove the effects of CIA from the experimentally

measured differential conductance.

The ‘total’ conductance G = I/Vsd associated with the differential con-

ductance measurements will be denoted GFpos, GFneg, GRpos and GRneg. As

symmetry relationships which hold for the differential conductance can be

shown to also hold for the conductance [45], we will use the conductance

when deriving the symmetry relationships, as the arguments are more trans-

parent when made for the ‘total’ conductance. Note also that for the fol-

lowing symmetry arguments to be valid, the resistance of the ohmic contacts
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between the source and drain leads and the device, denoted R1 and R2 in

Figure 3.5, must be equal (this can be achieved by the addition of a series

resistance if necessary).

Rigid, Symmetric device

In a truly rigid (not subject to CIA) and geometrically symmetric device

(denoted as R,S) the conductance depends upon the magnitude but not the

sign of the source-drain voltage, so

GFpos (R,S) = GFneg (R,S) = GRpos (R,S) = GRneg (R,S) (3.1)

Non-rigid, symmetric device

For a non-rigid symmetric device (NR,S), that is, one subject to CIA, the

conductance depends upon the sign of the source-drain voltage, but can-

not depend upon which end of the device the bias voltage is applied to, as

the symmetry of the device implies that the these ’Forward’ and ’Reverse’

configurations must be indistinguishable. In this case,

GFpos (NR,S) = GRpos (NR,S) (3.2)

and

GFneg (NR,S) = GRneg (NR,S) (3.3)

but

GFpos (NR,S) 6= GRneg (NR,S) (3.4)

and

GRpos (NR,S) 6= GFneg (NR,S) (3.5)

A measurement of the conductance as a function of source-drain voltage

may be divided into a component which is symmetric (f(x) = f(−x)) in the
sign of Vsd and a component which is antisymmetric (f(x) = −f(−x)) in the
sign of the source-drain voltage, in the same way that any function can be be

divided into symmetric and antisymmetric components. The antisymmetric
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part of the conductance which is due to CIA (to be denoted GCIA) can be

obtained by taking the difference of the conductance of a symmetric QPC

under source-drain voltages of opposite sign.

GCIA (NR,S) = 0.5 [GFpos (NR,S)−GRpos (NR,S)] (3.6)

Figure 3.5 (a) and (b) shows the effect of CIA on the shape of a non-rigid,

symmetric QPC. The width of the QPC at its narrowest point is different for

positive and negative source-drain voltages, but the same if the source and

drain leads are reversed.

Rigid, Asymmetric device

For a rigid asymmetric device (R,A), the conductance depends upon the sign

of the source-drain voltage because the shape of the potential is different

under source-drain voltages of opposite sign (this is not the case for a rigid

symmetric device). The shape remains constant, however, if the polarity of

the source drain voltage is swapped and the measurement configuration is

also changed from ’forward’ to ’reverse’ (this is easily seen by considering an

ordinary diode). The difference in voltage between the ends of the device in

the second situation is the same as in the first, so they are physically identical,

even though the absolute voltages in each case differ by a factor of |Vsd|.
Figure 3.5 (c) and (d) show the confinement potential experienced by the

electrons in the QPC in ‘forward’ and ‘reverse’ measurement configurations.

It can be seen (qualitatively) that the confinement potential of Fpos is the

same shape as that of Rneg (similarly, the potential of Fneg is the same as

that of Rpos). In this case

GFpos (R,A) = GRneg (R,A) (3.7)

and

GFneg (R,A) = GRpos (R,A) (3.8)

but

GFpos (R,A) 6= GRpos (R,A) (3.9)
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and

GFneg (R,A) 6= GRneg (R,A) (3.10)

It follows that the antisymmetric part of the conductance which is due

to device asymmetry (to be denoted GDA) can be obtained as

GDA (R,A) = 0.5 [GFpos (R,A)−GRpos (R,A)] (3.11)

Non-rigid, Asymmetric device

In order that the device and circuit-induced asymmetry may be distinguished

in the general case of a non-rigid, asymmetric device (NR,A) the symmetry

relationships outlined for a rigid asymmetric, and a non-rigid symmetric

device are used to eliminate the component of the antisymmetric part of the

conductance due to CIA. This leaves only the part of the conductance which

is symmetric in the sign of the source-drain voltage, Gsym, the antisymmetric

part which is due to the geometrical asymmetry of the device, GDA, and

possibly a component due to the interaction between the two effects, to

be denoted as Gx. As we will remove any part of the conductance with

the same symmetry relations as GCIA, this extra component will have the

same symmetry relations as the GDA, and constitutes any change in GDA

which would occur if a device could be changed from being ‘rigid’ to ‘non-

rigid’. That is, we are allowing an extra theoretical term to describe any

dependence of GDA upon a non-zero GCIA [45]. Such dependence might be

expected given that both effects arise from the self-consistent adaptation of

the electrochemical potential to a non-zero source-drain voltage.

In summary, what is needed is the conductance of the QPC with CIA

effects removed, under positive and negative source-drain voltages. What we

have is the conductance with CIA effects under positive and negative source

drain voltages, measured in both ‘forward’ and ‘reverse’ configurations. This

extra information is used to eliminate the antisymmetric part of the conduc-

tance by taking the following combinations of the experimentally measured
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conductances:

G (+Vsd) ≡ 0.5 (GFpos −GRneg) = GDA +Gsym +Gx (+Vsd) (3.12)

G (−Vsd) ≡ 0.5 (GFneg −GRpos) = −GDA +Gsym +Gx (−Vsd) .(3.13)

We then define the ‘net’ differential conductance as

Gnet (|Vsd|) ≡ 0.5 [G (+Vsd)−G (−Vsd)] (3.14)

= GDA +Gx (+Vsd) +Gx (−Vsd) . (3.15)

These definitions of the conductance for positive and negative voltages,

and their difference, the net conductance, will be used extensively in Chapter

4, which examines asymmetric QPCs as quantum ratchets.

3.2.3 The Symmetric Gating Technique

The second technique that can be used to remove the contribution of CIA to

the asymmetry of the data involves applying the gate voltage with respect

to half the source-drain voltage rather than with respect to ground [45]. It

is the asymmetry of the grounding point of the gate voltage with respect to

the centre of the QPC which results in an antiymmetric component of the

conductance due to CIA.

Symmetric grounding is shown in Figure 3.7 (b), where a positive volt-

age applied to the source contact of the device causes that end to become

narrower and the drain end wider (assuming a positive gate voltage). The

opposite occurs when a negative bias voltage is applied to the source end of

the device. This means that the differential conductance must be the same in

both of these situations for symmetric devices, as the shape of the potential

for negative bias voltages is simply the reverse of that for positive potentials.

For asymmetric devices, though the device may have the same width

at its narrowest point for both positive and negative bias voltages (if half

the bias voltage drops before and after the narrowest point), its asymmetry

means that the shape of the potential in each configuration will be different.
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Figure 3.7: (a) The change in the shape of a QPC due to circuit-induced asym-

metry when the gate voltage is applied relative to the same ground as the bias

voltage. (b) The change in the shape of a QPC when the gate voltage is applied

relative to the potential at the centre (or narrowest point) of the device, usually

one-half of the applied bias voltage. The resistors R1 and R2 are the resistances

of the ohmic contacts, which must be the same (a series resistor can be added to

make sure this is the case) while R3 is the resistance used for the voltage divider,

which was 100K in the experimental measurements.
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As conductance in the ballistic regime is sensitive to both the height and

the shape of potential barriers, CIA may still make a small contribution

to the asymmetry of the data. The symmetry relationships between gFpos,

gFneg, gRpos and gRneg (where small g denotes differential conductance) were

tested experimentally for both asymmetric and symmetric gating and both

symmetric and asymmetric devices, and the results are shown in §3.3.

3.3 Experimental Verification of Symmetry

Relations

This section provides a preliminary experimental test of the theory presented

in §3.2. In particular Equations 3.11 and 3.6, which relate the antisymmetric

contribution to the conductance due to device asymmetry (DA), that due to

circuit-induced asymmetry (CIA), and the four measurements Fpos, Fneg,

Rpos and Rneg, were tested experimentally for the four cases of

1. A symmetric device under symmetric gating. Device asymmetry, gDA,

(where small g denotes differential conductance) and circuit-induced

asymmetry, gCIA, are both expected to be very small, so that one ex-

pects gFpos ≈ gFneg ≈ gRpos ≈ gRneg.

2. A symmetric device under asymmetric gating. Device asymmetry, gDA,

is expected to be small but circuit-induced asymmetry, gCIA, may be

large (depending upon how rigid the device is, generally dependent

upon the material and fabrication techniques used), so it is expected

that gFpos ≈ gRpos and gFneg ≈ gRneg, but gFpos 6= gFneg and gRpos 6=
gRneg.

3. An asymmetric device under symmetric gating. Device asymmetry,

gDA, may be large (depending upon how asymmetric the device is) but

circuit-induced asymmetry, gCIA, is expected to be small by compar-

ison, so that gFpos ≈ gRneg and gFneg ≈ gRpos, but gFpos 6= gRpos and

gFneg 6= gRneg.
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4. An asymmetric device under asymmetric gating. Device asymmetry,

gDA, may be large and circuit-induced asymmetry, gCIA,may also be

significant, so that gFpos 6= gFneg 6= gRpos 6= gRneg.

The expected relationships between gFpos, gFneg, gRpos and gRneg for these

four measurement scenarios, for non-rigid devices, are summarised in Table

3.1.

Symmetric Asymmetric

Device Device

Symmetry Sym Asym Sym Asym

Relations Gating Gating Gating Gating

gFpos = gFneg, gRpos, gRneg gRpos gRneg None

gFneg = gRpos, gRneg, gFpos gRneg gRpos None

gRpos = gRneg, gFpos, gFneg gFpos gFneg None

gRneg = gFpos, gFneg, gRpos gFneg gFpos None

(Table 3.1)

3.3.1 Data from the Symmetric Device A5

In the experiment, the DC source-drain voltage supplied by the DAC was

applied over the 1K resistor, the ohmic contacts and the QPC (see Figure

3.4). This means that the fraction of source-drain voltage dropped over

the QPC depends upon the conductance of the QPC relative to the 1K

resistor and ohmic contacts. As the conductance of the device is, in general,

a function of the polarity of the source-drain voltage, it is not strictly correct

to directly compare the differential conductance measurements for the device

under opposite polarity source-drain voltages applied over the whole setup,

because different traces correspond to slightly different bias voltages. Rather

what should be done is to take a number of Vg sweeps at a small spacing in

Vsd and then using the measured conductance and a knowledge of the applied

Vsd and the resistance of the rest of the circuit, assign to each conductance

data point the appropriate source-drain voltage. Details of this procedure

are given in Appendix B. The values of Vsd shown in figures is always the

source-drain voltage drop over the device itself.
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The differential conductance of the symmetric device A5 (shown in Figure

3.3) was measured at a temperature of 0.3K as a function of gate voltage

at intervals in Vsd of 0.2mV, in both ‘Forwards’ and ‘Reverse’ source-drain

contact configurations, that is, measurements at a particular source-drain

voltage were immediately repeated with the source and drain contacts on

the device swapped. The actual Vsd over the device was then determined for

each data point as described above, producing a bias spectroscopy plot such

as that shown later in this chapter for device A5 (Figure 3.11).

Data for |Vsd| = 0.5mV and |Vsd| = 1mV as a function of gate voltage

is shown in Figure 3.8 for both symmetric and asymmetric gating. Fig-

ure 3.8 (a) shows gFpos, gFneg, gRpos and gRneg for both |Vsd| = 0.5mV and
|Vsd| = 1mV (offset in the vertical axis by 2e2/h for clarity) for symmetric
gating. The main point to note about (a) is that all four curves are almost

indistinguishable, as expected from Table 3.1 for a symmetric device under

symmetric gating. Figure 3.8 (c) shows the asymmetric components gCIA and

gDA of the symmetric gating measurement due to circuit-induced-asymmetry

(CIA) and device asymmetry (DA), as defined by Equations 3.11 and 3.6.

Physically, gDA is the average of the difference between gFpos and gRpos and

between gRneg and gFneg, while gCIA is the average of the difference between

gFpos and gRneg and between gRpos and gFneg. When the symmetric device

A5 is asymmetrically gated, it can be seen from Figure 3.8 (b) that gFpos and

gRpos are very similar to each other but very different from gFneg and gRneg, as

expected from Table 3.1. This leads to gCIA being much larger than gDA in

(d), meaning that the asymmetry in the differential conductance due to CIA

is much more significant for A5 than the asymmetry in the differential con-

ductance to device asymmetry, as would be expected for a lithographically

symmetric device.

The main feature of gCIA for asymmetric gating is the large peaks occur-

ring on the rise to the plateaus, which are absent for symmetric gating. It

is on the rise to the plateaus that the differential conductance changes most

rapidly with Vg. It is also the case that, for asymmetric gating situations,
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Figure 3.8: Data for the symmetric device A5. (a) shows gFpos, gFneg, gRpos
and gRneg for symmetric gating, for source-drain magnitude of 0.5mV and 1.0mV,

offset from the 0.5mV data by 2e2/h for clarity, and included to show that results

are representative of a range of source-drain voltage amplitudes. (b) shows the

difference between the above measurements, the quantities gDA and gCIA, as de-

fined by Equations 3.11 and 3.6. (c) gFpos, gFneg, gRpos and gRneg for symmetric

gating, again for source-drain magnitudes of 0.5mV and 1.0mV. (d) gDA and gCIA

for data in (c).
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the effect of opposite polarity source-drain voltages is to change the effective

gate voltage at the centre of the QPC. It is therefore expected that gCIA

will be largest at gate voltages for which the differential conductance is be-

tween integer values of 2e2/h. A second feature of the data is a difference in

the magnitude of gDA between (b) and (d). A possible explanation for this

change is that even though A5 is lithographically symmetric, small imperfec-

tions in the lithography, or the presence of defects away from the centre of

the QPC have resulted in a non-zero gDA. As mentioned in §3.2.2, when both

device asymmetry and circuit-induced asymmetry are present, it is expected

that there may be an additional component gx with the same symmetry as

gDA in the differential conductance due to the self-consistant interaction of

CIA and DA. It may be this term ( gx) which is causes the change in gDA for

symmetric and asymmetric gating. Such a change in the magnitude of gDA

is also seen for the asymmetric device D3 in Figure 3.9.

3.3.2 Data from the Asymmetric Device D3

Some instability in the differential conductance versus gate voltage charac-

teristics of device D3 meant that consistent data sets could be obtained over

a few hours, but not over days, the required time window to obtain the large

data sets which were measured for device A5. Differential conductance data

was therefore taken for the asymmetric device D3 just at two source-drain

voltages, Vsd = ±0.5mV and Vsd = ±1.0mV, for ‘Forward’ and ‘Reverse’
source-drain contact configurations, rather than for a very large number of

source-drain voltages as was done for device A5. Measurements were re-

peated for both symmetric and asymmetric gating situations, and are shown

in Figure 3.9.

The data in Figure 3.9 shows that for an asymmetric device under sym-

metric gating conditions (Figure 3.9 (a) and (b)), the component of the

differential conductance due to device asymmetry, gDA is much larger than

gCIA, that is, in Figure 3.9 (a), gFpos is very similar to gRneg but differs signif-

icantly from gFneg and gRpos, as expected from Table 3.2. Under asymmetric
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Figure 3.9: As for Figure 3.8, except for the asymmetric device, D3.
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gating conditions, shown in (c) and (d) gFpos, gFneg, gRpos and gRneg all differ,

as expected from Table 3.1.

Symmetric Asymmetric

Device Device

Symmetric Asymmetric Symmetric Asymmetric

Gating (V) Gating (V) Gating (V) Gating (V)

Vsd=0.5mV: γCIA 0.71×10−2 7.95×10−2 1.06×10−2 2.21×10−2
Vsd=0.5mV: γDA 0.86×10−2 1.18×10−2 2.93×10−2 1.25×10−2
Vsd=1mV: γCIA 0.76×10−2 8.04×10−2 0.88×10−2 1.44×10−2
Vsd=1mV: γDA 0.96×10−2 1.05×10−2 3.46×10−2 1.86×10−2

(Table 3.2)

As for the symmetric device, A5, there was a substantial change in the mag-

nitude of gDA with a change from symmetric to asymmetric gating.

In order to quantify more clearly the contributions of CIA and DA to the

asymmetric differential conductance, γCIA and γDA, the integrated magni-

tudes of gDA and gCIA, are defined according to Equations 3.16 and 3.17.

γDA (|Vsd|) ≡
Z b

a

¯̄
GDA (|Vsd| , Vg)

¯̄
dVg (3.16)

γCIA (|Vsd|) ≡
Z b

a

¯̄
GCIA (|Vsd| , Vg)

¯̄
dVg (3.17)

The values of γDA and γCIA calculated for the data shown in this chapter

are given in Table 3.2. Figure 3.10 is a graph of the first two rows of Table

3.2, that is, γDA and γCIA for |Vsd| = 0.5mV. |Vsd| = 1mV was not plotted as
the results are very similar to those for |Vsd| = 0.5mV. Figure 3.10 illustrates
three main points which have been made:

1. Symmetric gating reduces the amount of asymmetry in the differential

conductance due to circuit-induced asymmetry for both the symmetric

(A5) and asymmetric (D3) devices (Compare the A5, S and A Gating

columns in the front row, and the D3, S and A Gating columns in the

front row).
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Figure 3.10: The data in the top two rows in Table 3.2 is shown graphically, with

the front row of columns corresponding to γCIA and the back, γDA. The vertical

axis measures 102 times the integrated magnitude of γCIA and γDA. Fom left to

right, the columns represent device A5 symmetrically gated, corresponding to the

integrated differential conductance data from Figure 3.8 (c), A5 asymmetrically

gated, with data from Figure 3.8 (d), D3 symmetrically gated, data from Figure

3.9 (c) and finally on the far right, D3 asymmetrically gated, data from Figure 3.9

(d).

2. For symmetric gating, the device asymmetry is much larger in the litho-

graphically symmetric device (D3) than the lithographically symmetric

device (A5) (Compare the A5, S-Gating and D3, S-Gating columns in

the back row)

3. It appears that the interaction of CIA and DA in asymmetric gating

situations can change the magnitude of γDA, the amount of asymme-

try in the differential conductance due to device asymmetry. For A5,

γDA was increased when asymmetric gating was used, for D3, γDA was

reduced. Whilst the existence of such an effect was allowed for in the

simple model given in §3.2.2, it is likely that a self-consistent calcu-

lation would be needed to explain the magnitude of the difference in

γDA between symmetric and asymmetric gating which was measured
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experimentally.

3.3.3 A Zero-Bias Anomaly in the Bias Spectroscopy

Measurements

This section briefly discusses a significant peak which was observed in the

differential conductance of the symmetric device A5 under symmetric gating

conditions around Vsd = 0. Small peaks (labelled a ‘Zero Bias Anomaly’

(ZBA) in [46]) have been recently been observed in some QPCmeasurements,

for example by Kristensen et al. [43] at temperatures of ∼ 300mK, and by
Cronenwett et al. at temperatures of ∼ 50mK [46], but not in others, for

example those of Reilly et al, which were also performed at temperatures of

∼ 50mK [47]. Cronenwett et al. [46] have suggested that this feature may
be important in understanding the origins of the so-called ‘0.7 structure’,

a shoulder-like feature which appears at a differential conductance value of

approximately 0.7× 2e2/h.

The 0.7 Structure

The 0.7 structure appears almost ubiquitously in conductance measurements

on QPCs, and has been studied experimentally by a number of groups

[48, 49, 43, 50, 51, 52, 47]. What is agreed upon is that the structure is

spin and density related (electron-electron interactions become significant at

low densities). It has been suggested that the effect is due to spontaneous

magnetisation of the one-dimensional system [53, 54, 55, 56, 57] or a two-

electron bound state with non-zero total spin [58, 59].

The suggestion of Cronenwett et al. [46] that the effect originates in

the formation of a Kondo-like correlated spin state has also recently been

theoretically examined, finding support from Hirose et al. [60]. Seelig and

Matveev find that backscattering of electrons from acoustic phonons can

give rise to a zero-bias anomaly [61]. Using the unrestricted Hartree-Fock

approach, Sushkov [62] has shown that the presence of a Kondo-like state
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should result in a dip in the differential conductance below 0.2 × 2e2/h.
As dips of such magnitude are not seen in the experimental data, Suskov

concludes that the 0.7 structure is not caused by a Kondo-like state. However,

the calculation does confirm the existence of a few-electron bound state with

total spin zero which is most pronounced for low electron densities and long

contacts.

The focus of the present section this chapter is, however, not upon the 0.7

structure itself. Rather it will be shown that symmetric gating techniques

appear to dramatically enhance the zero-bias anomaly. This suggests that

symmetry considerations may be important in understand the origin of the

ZBA in quantum point contacts.

Bias Spectroscopy Measurements on Device A5

The complete data set of conductance versus Vsd for the symmetric device

A5 under symmetric gating conditions at a temperature of 300mK is shown

in Figure 3.11 (a). The dark vertical line in the centre occurs because data

was taken at a higher resolution close to Vsd = 0. This central region is

shown in detail in (b). The 0.7 structure can be seen as a dark horizontal

ridge just below the first conductance plateau, which is also seen as a dark

ridge located at 2e2/h for Vsd = 0. A structure just beneath the second

conductance plataeu at 2 × 2e2/h may also be seen. A similar feature has
been observed by Kristensen et al. [43]. Half-plataeus at 0.5 × 2e2/h and
1.5× 2e2/h may be seen at source-drain voltages of ∼ 2mV.
Note that the data was measured as a function of gate voltage, as this

was most convenient for the purposes of the symmetry investigations of this

chapter. The horizontal lines plotted in (a) and (b) were then interpolated

from a large number of gate voltage sweeps. This means that the gate voltage

resolution is very high, while that on the source-drain voltage axis is relatively

low (varies between 0.02 and 0.1mV). Semi-transparent lines were used in

(a) to enable the plotting of data for a large number of gate voltages without

making the conductance plateus overly dark.
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Figure 3.11: (a) Bias spectrocscopy plot for device A5 under symmetric gat-

ing, for T = 0.3K. (b) The same data for a very small range of source-drain

voltages around zero. (c) A number of traces from (a) showing the very sig-

nificant zero-bias anomaly. (d) Differential conductance as a function of gate

voltage for Vsd = 0, 0.02, 0.04, 0.06mV, for both symmetric and asymmetric

gating. The zero-bias anomaly can be seen in the movement of the traces

from right to left with increasing source-drain voltage. This effect is much

more pronounced for symmetric, rather than asymmetric gating.
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Data for a number of different gate voltages as a function of source-drain

voltage, chosen from the data set in (a) are shown in (c). Here the very sig-

nificant peaks in the differential conductance around Vsd = 0 are most clearly

visible. Gate voltage sweeps for source-drain voltages of Vsd = 0, 0.02, 0.04

and 0.06mV for the symmetric device under symmetric and asymmetric gat-

ing conditions are shown in (d). The ZBA is seen as a movement of the

conductance traces to right for increasing Vsd. The ZBA seen for the device

A5 under symmetric gating conditions is much larger than that observed

under asymmetric gating. Zero-bias anomalies of this magnitude have not

(to the authors knowledge) been observed before, and require verification

on other devices measured under symmetric gating conditions. This was not

done in the experimental work of this thesis due to its focus on understanding

asymmetric quantum point contacts as quantum ratchets.

Interestingly, the bias spectroscopy data of Cronenwett et al. [46] appears

very symmetric, and shows a noticable ZBA at low (∼ 50mK) temperatures.
The bias spectroscopy data of Reilly et al. [4] is, on the other hand, very

asymmetric in the sign of the source-drain voltage, and no ZBA is seen. It

may be that the symmetry of a QPC (including the ohmic contacts) and its

susceptibility to circuit-induced asymmetry are important considerations in

understanding the origins of the ZBA. Some physical justification for why

symmetric gating might be important for the study of bound states in quan-

tum point contacts can be seen from Figure 3.7, which shows that in a device

subject to CIA, the width of the centre of the point contact changes with the

sign of the source-drain voltage. When symmetric gating is used, the width of

the centre of the QPC is effectively ’pinned’, possibly allowing bound states

to persist to higher values of source-drain voltage.

The author thanks Prof. Poul-Erik Lindelof for drawing her attention to

the significance of the peaks at zero bias observed in the experimental data.
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3.4 Conclusions

Asymmetry in the differential conductance of quantum point contacts results

from asymmetry in the grounding point of the gate voltage (called circuit-

induced asymmetry, CIA), and/or asymmetry in the shape of the potential

experienced by the electrons. It has been demonstrated in this chapter that

these two sources of asymmetry are experimentally distinguishable. Two

methods for distinguishing these effects were presented.

1. The first consisted of measuring the differential conductance under

positive and negative source-drain voltages, and then repeating these

two measurements with the source and drain contacts to the device

switched. Symmetry relationships between these measurements were

utilised to remove the linear contribution made by CIA to the asymme-

try of the differential conductance. This is the technique used to treat

the data presented in the following Chapter 4.

2. The second technique requires the gate voltage be applied with respect

to the potential at the narrowest point in the QPC. This method en-

sures that the effect of CIA on the width, and thus the conductance of

the device, is symmetric in the sign of the source drain voltage. The use

of a 2:1 voltage divider in parallel with the device as the low of the gate

voltage was successful in producing very symmetric differential conduc-

tance data for the symmetric device, implying that the potential at the

narrowest point in the device is very close to half the bias voltage. This

technique was suggested by Löfgren [45], and was implemented by the

author after the experimental work presented in Chapter 4 had been

completed. Symmetric gating has significant potential for more wide-

spread use in quantum point contact measurements. In particular, it

is very interesting that symmetric gating appears to dramatically en-

hance the zero-bias anomaly. This may be due to a ’pinning’ of the

width of the narrow region of the QPC, which allows any localised

electron states in that region to persist to higher values of source-drain
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voltage.



Chapter 4

Asymmetric QPCs as Quantum

Ratchets

4.1 Quantum Ratchets

This chapter will describe experiments conducted on asymmetric mesoscopic

quantum point contacts (the fabrication of which was described in the pre-

vious chapter and Appendix A) at cryogenic temperatures (0.3K → 4.2K)

and compare the results with the predictions of a numerical model. The aim

of these experiments was to follow up an earlier experiment by Linke et al.

[26] (for which the numerical modelling was performed by the author) with

measurements on devices with conductance characteristics that were some-

what easier to model and interpret using Landauer-Büttiker formalism. The

central result of both experiments is that asymmetric point contact devices

can act as quantum ratchets, producing a net current when subjected to a

symmetric square-wave source-drain voltage.

The ratchet system studied in [26] consisted of an array of asymmet-

ric quantum dots realised by confining a two-dimensional electron gas in a

GaAs/AlGaAs heterostructure to a channel defined by shallow wet etching.

Eight periods of the ten dot array are shown in Figure 4.1. Another device

consisting of just one period was also studied, and is shown in Figure 4.2.

56
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Figure 4.1: A scanning electron micrograph of device R10. The darker regions

are etched lines defining the outline of the device. Electrons are confined to the

central asymmetric channel, while regions to either side were used as side gates to

adjust the width of the device electrostatically.

Figure 4.2: A scanning electron micrograph of R1. It is the same size as one

period of the array shown in the previous figure.

The shape was chosen so that the confinement potential experienced by the

electrons was an asymmetric sawtooth shape, as was also the case for the

device D3 studied in this thesis.

The length of the devices (1µm per period) was much less than the length

scales for elastic (∼ 6µm) and inelastic (∼ 10µm) scattering at the temper-
atures and voltages used in the experiment (T<4.2K, so kT <1meV, and

|eVsd| < 1meV). The devices were rocked with a square-wave voltage (with a
frequency of 191Hz), which was 100% amplitude modulated (at a frequency

of 17Hz), with lock-in amplifiers used to measure the rectified current at the

modulation frequency. These frequencies are low enough that the time be-

tween switches of the polarity are much larger than the characteristic time

of electron energy-relaxation processes, so that the ratchet was in a station-
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Figure 4.3: Net current as a function of gate voltage for the ten barrier device,

R10, for two temperatures. The marker ‘a’ indicates an implicit reversal of the

direction of the net current as a function of temperature.

ary state at all times (adiabatic rocking). Measurement of the net current

was made in both ‘Forward’ and ‘Reverse’ configurations, with asymmetric

gating. These measurements were then subtracted to remove effects due to

circuit-induced asymmetry, according to the method described in Chapter

3. A major difference between the experiment described in this thesis and

that in [26] is that in [26] the average, or net current by the ratchet over a

number of AC square-wave cycles is measured directly via the current input

on a lock-in amplifier. In this thesis the differential conductance is measured

and compared for equal positive and negative DC source-drain voltages. This

measurement technique is less direct, but means that extra information is col-

lected, and so allows a more in-depth comparison with the numerical model

developed by the author to assist in understanding the physical processes

behind the operation of the quantum ratchet.



CHAPTER 4. ASYMMETRIC QPCS AS QUANTUM RATCHETS 59

-0.78 -0.74 -0.7 -0.66
-1

-0.5

0

0.5

1

Vg (V)

I ne
t (n

A)

R1 T=0.4K
R1 T=4Kb 

c 

Figure 4.4: Net current as a function of gate voltage for the one barrier device,

R1, for two temperatures. The markers ‘b’ and ‘c’ indicate implicit reversals of

the direction of the net current as a function of temperature.
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Figure 4.5: Net current measured as a function of temperature at points ‘a’, ‘b’

and ‘c’ shown in Figures 4.3 and 4.4, for a source-drain voltage amplitude of 1mV,

showing explicit temperature reversals.
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Figure 4.6: Net current as a function of source-drain voltage amplitude for the

point ‘b’ in figure 4.4 for three different temperatures. Note that the reversal

in the net current disappears with increasing temperature. The numerical model

presented in §4.2 predicts this behaviour.

Figures 4.3 and 4.4 (data taken from [26]) show the measured net current

as a function of the gate voltage for the ten- and one-period ratchets (called

R10 and R1 in [26]) respectively. As for the devices already described in this

thesis, the side gates are used to electrostatically tune the conducting width

of R1 and R10. Figures 4.3 and 4.4 therefore show the current rectified by

the ratchet as a function of increasing conducting width of devices R1 and

R2. As the asymmetric potential is formed due to quantum confinement,

increasing QPC width corresponds to lower potential barriers and increasing

conductance. The dark lines show the net current measured at 0.4K and

the lighter lines the net current measured at 4K with the amplitude of the

square-wave rocking voltage being 1mV. Gate voltages at which other mea-

surements were performed (and where a reversal of the net current occurs
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with increasing temperature) are indicated with arrows and labels a (for R10)

and b and c (for R1). Direct measurements of the reversal of the net current

with increasing temperature of both devices were made at these gate voltages

and at a rocking amplitude of 1mV, and these are shown in Figure 4.5. Fig-

ure 4.6 shows the net current measured as a function of the amplitude of the

rocking voltage for the device R1, at the gate voltage denoted by the arrow

labelled ‘b’ in Figure 4.4 for temperatures (from the top) of 0.6, 2 and 4K.

Thus reversals in the direction of the net current were seen experimentally

as a function of temperature, gate voltage and rocking amplitude.

As mentioned earlier, a numerical model of an asymmetric point con-

tact was developed by the author to account for these reversals, and will be

presented in the following sections.

4.2 Theory

This section will utilise the Landauer formalism for one-dimensional (1D)

ballistic transport which was introduced in §2.2.3 to develop a numerical

model of the experimental device. The purpose of this model is to provide

insight into the physical processes which lead to net current reversals in

rocked quantum ratchets for electrons.

As discussed in §2.1.2, a rocked ratchet is an asymmetric potential that

is tilted periodically and symmetrically. A classical rocked ratchet produces

a net current as the height of the asymmetric potential barrier is different

when it is tilted up, compared to when it is tilted down. The distinguishing

characteristic of a rocked ratchet in the quantum regime is that the probabil-

ity of transmission over the barrier depends not only on the height, but also

on the exact shape of the barrier, which changes with tilt direction. This de-

pendence is due to the fact that electrons with energies less than the barrier

height may be transmitted by tunnelling with a probability which depends

sensitively upon the height and the width of the barrier, and electrons with

energies higher than the height of the barrier may be reflected due to wave
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reflection with a probability which depends upon how ‘sharp’ or steep the

barrier is. These considerations, illustrated in Figure 4.7, lead to the possi-

bility of the direction of the net current reversing as the relative contribution

of tunnelling and wave-reflection processes change with variables such as the

potential height, magnitude of rocking, and temperature.

The best way to understand what will happen for a particular asymmet-

ric potential is to define the difference in the energy resolved transmission

probabilities of electrons through the potential under opposite tilt directions

(source-drain voltages of opposite sign),∆τ(E) = [τ (E,+Vsd)− τ (E,−Vsd)].
An example∆τ (E) curve is shown in Figure 4.8, along with the transmission

probabilities it is derived from, τ(E,+Vsd) and τ(E,−Vsd). In addition, the
transmission probability which would result if transmission was classical is

also shown. This is simply zero transmission for all electrons with energies

lower than the barrier height, and unity for electrons with energies higher

than the barrier. If ∆τ(E) changes sign as a function of energy, this indi-

cates that electrons with some energies are more likely to be transmitted from

left to right, for example, under symmetric rocking, while electrons of other

energies are more likely to be transmitted in the opposite direction. This

means that the overall direction of the net current depends upon the relative

numbers of electrons going in each direction. Reversal of the direction of the

net current can occur as the relative numbers of electrons travelling in each

direction is altered by changing the barrier height, temperature or magnitude

of the bias voltage.

The net current for the quantum ratchet is the average of the currents

for positive and negative source-drain voltages

Inet ≡ 1
2
[I(+Vsd) + I(−Vsd)] = e

h

Z ∞

U0

∆τ(E)∆f(E, |Vsd|)dE (4.1)

where the current under positive and negative source-drain voltages I (+Vsd)

and I (−Vsd) is given by the Landauer equation 2.6, derived in §2.2.3, and
where

∆f(E, |Vsd|) = 1/
½
1 + exp

E − εL
kT

¾
− 1/

½
1 + exp

E − εR
kT

¾
. (4.2)
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Figure 4.7: Illustration of the physical origin of net current reversals as a func-

tion of temperature in rocked quantum ratchets for electrons. In the centre, the

change in shape of an asymmetric potential when it is tilted towards its steepest

slope is shown. This tilt direction causes the barriers to become thicker, favouring

the transmission of high energy electrons. The opposite tilt direction, shown for

the bottom two potentials, causes the barriers to become thinner, and favours the

transmission of low-energy electrons which have to tunnel. If the temperature is

sufficiently low, there may be very few electrons with energies near the barrier

top, and the net current will flow from right to left (in this example) as when the

potential is tilted in this direction the barriers are thinnest. For higher tempera-

tures, there will be more electrons with energies at and above the barrier tops. As

the maximas are less ‘sharp’ in the middle figures, this tilt direction will cause less

wave reflection of electrons at high energies and the net current will flow from left

to right at high temperatures.
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Figure 4.8: This figure shows the transmission probability as a function of energy

for voltages of different sign for the asymmetric potential shown in Figure 4.10

(used here simply as an example of an asymmetric potential). The asymmetry

of the potential results in a difference between these transmission probabilities,

labelled ∆τ , which is non-zero, and changes sign with energy. The transmission

probability for classical particles is also shown. This is zero for particles with

energies lower than the barrier, and unity for particles with energies above the

barrier.
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Figure 4.9: Two Fermi distributions are shown, the one on the right having a Fermi

energy higher than that on the left. The current of electrons between the reservoirs

is proportional to the difference between these two distributions, ∆f,which is

shown on the far right. The current is also proportional to the probability that

electrons are transmitted between the reserovoirs, τ , which in general is a function

of energy as well as the sign and magnitude of the voltage across the constriction

between the reservoirs.

∆f will be called the ‘Fermi window’ in this thesis. Physically, ∆f (E)

gives the occupation of states (as a function of energy) which make a net

contribution to transport due to the application of the source-drain voltage,

and is shown on the far right in Figure 4.9. For convenience, it is assumed in

the model that half of the source-drain voltage is applied to each side of the

barrier. While in the experiment one side of the device was set to ground,

there is no physical difference between the two situations as only differences

in voltage are physically meaningful (this is simply gauge invariance). One

consequence of applying the voltage in this way is that the Fermi window is

centred on the equilibrium (Vsd = 0) Fermi energy, εF . Changing the Fermi
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energy in the model thus entails moving the centre of the Fermi window.

4.3 Numerical Model

Landauer theory allows calculation of the current as long as the transmission

probability is known. This section will describe the process undertaken to

calculate ∆τ(E) and thus to calculate Inet as a function of εF , |Vsd|, and T.

There are a number of steps involved in the calculation of ∆τ(E) :

1. A model for the shape of the potential experienced by the electrons in

the experimental devices must be developed.

2. Assumptions must be made as to how the source-drain voltage is dis-

tributed across the potential.

3. The transmission probability for the particular potential and voltage

drop is then calculated via numerical solution of the Schrödinger equa-

tion.

Once the transmission probability of the potential is calculated for both

positive and negative source-drain voltages, the net current is easily calcu-

lated via Equation 4.1, and the results are shown at the end of this section.

In §4.4 these calculations are compared with experimental data from the

asymmetric device D3.

4.3.1 Modelling the potential

The shape of the curved part of the lithography in device D3 (see Figure

3.2) is given by Wy(x) = ±(a/√x − b) for 0.1µm < x < 2.5µm, where,

lithographically, a = 1.5µm
3
2 and b = 0.75µm, and x is the direction of

transport through the device. This particular lithographic shape was chosen

as it ideally produces a sawtooth potential barrier in the case where b =

0. This can be seen by noting that the energy of a particle due to spatial
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confinement (for the lowest subband) in the y-direction perpendicular to the

direction of transport is given by:

U =
~2k2y
2m∗ (4.3)

The wavevector ky = 2π/λ, where the wavelength λ = 2Wy(x), and m∗ is

the effective mass of electrons in GaAs. It then follows that the confinement

potential of the device is expected to be (for b = 0):

U(x) =
h2

8a2m∗x (4.4)

The actual potential shape experienced by the electrons in the experiment is

affected by a number of additional factors, which include:

1. The smoothing of the above shape which occurs due to the finite width

of the line created by the SEM and the subsequent etching process.

2. The smoothing of the lithographic shape due to charge buildup/depletion

around the etched lines.

3. The application of a gate voltage.

4. The application of a source-drain voltage ±Vsd.

Exact determination of the shape of the actual experimental potential

would require a three-dimenisonal, self-consistent solution to the Schrödinger

and Poisson equations. These equations model how electrons in the device

respond to a potential imposed on them, and how the resulting change in

electron density affects the potential, and so on. This is usually only at-

tempted in quite ‘simple’ situations (see, for example, [63]). The approach

used in this model was to make an ‘educated guess’ about the potential

shape by numerically smoothing a sawtooth potential based on the lithogra-

phy, and the potential thus constructed is shown in Figure 4.10 with a large

(for clarity) source-drain voltage of ±4mV applied as described in §4.3.2.

The sensitivity of the qualitative features of ∆τ(E) to changes in the shape
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Figure 4.10: The asymmetric potential shape used in the numerical model, with

an applied voltage of ±4mV. This voltage is much larger than that used in the
experiments (±0.5mV) to emphasise the change in shape of the barrier under
a sign change in the source-drain voltage. The spatial distribution of the 4mV

for each case is shown as dashed lines. Note that if half the potential drop is

applied before and after the maxima of the potential, as has been done here, then

the height of the potential remains constant. This has the consequence that all

differences in the transmission probability between positive and negative voltages

is due solely to quantum effects such as tunnelling and wave-reflection.
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of the asymmetric potential is examined in Appendix D. It was found that

while the relative size of features in ∆τ(E) is dependent upon the amount of

asymmetry present in the potential, the general shape of∆τ(E) is reasonably

insensitive to the exact potential shape chosen for modelling.

4.3.2 Modelling the voltage drop

As a full self-consistent calculation of the shape of the potential and voltage

drop has not been performed, for the reasons outlined in the section above,

a decision must be made as to how the voltage is distributed across the

potential barrier chosen for modelling.

The voltage Vsd was distributed across the potential in proportion to the

local derivative of the potential, so that

±vsd(x) = ±|Vsd|
·
f (x)

f (L)
− 1
2

¸
(4.5)

where

f (x) =

xZ
0

¯̄̄̄
dU(x0)
dx0

¯̄̄̄
dx0 (4.6)

Here vsd (0) = |Vsd|/2 and vsd (L) = −|Vsd|/2, where L is the length of the
barrier. The shape of vsd(x) is shown in Figure 4.10 for the potential barrier

used in the model. The reasons for choosing this method of distributing

the voltage over the barrier, rather than using a linear voltage drop, are

twofold. Firstly, it seems reasonable that the amount of voltage dropped at a

particular place along a potential barrier is proportional to the gradient of the

potential is at that point [27, 28, 64], as wave reflection is more pronounced

for steep barriers. The second reason for choosing this voltage drop was that

it results in a constant barrier height. If the barrier height varies with the

sign of the source-drain voltage applied, as it would with a linear voltage drop

(see Figure 4.7), then the current would be much greater for one polarity than

the other. If such an effect occurred in the experimental devices, reversals

in the direction of the net current, such as were seen in [26], would be very
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difficult to observe. This is because the significant contribution to the net

current due to classical effects would swamp the dependence of the current

on the precise shape of the barrier, which arises due to the quantum effects

of tunnelling and wave-reflection. As current reversals are clearly seen in the

experimental data of [26] and that shown in this thesis for device D3, this

is strong evidence in favour of using a voltage drop which ensures that the

barrier height remains constant. It follows from this choice that all finite net

current in the model arises from quantum, not classical effects.

4.3.3 Calculation of the transmission probability

Once a barrier and potential drop had been chosen, the transmission proba-

bility was calculated by numerical solution of the Schrödinger equation using

Numerov’s method [65] for solving second order differential equations with

no first-order derivative term. Details of the method are given in Appen-

dix D. In the case of a symmetric point contact, the saddle-point potential

model [66, 42] (see Appendix E for a very brief outline) is usually used to an-

alytically calculate the transmission probability. Given that the saddle-point

model does not allow for the shape of the potential to change with the sign

(or magnitude) of the source-drain voltage, a feature crucial to the operation

of a rocked quantum ratchet, in this model the transmission probability of

the asymmetric quantum point contacts will be calculated numerically.

4.3.4 Numerical Results

The net current and differential conductance as a function of εF , |Vsd|, and T
can be calculated numerically from the transmission probability difference,

∆τ(E), of the model asymmetric potential, shown in Figure 6.2, and the

Fermi ’window’, ∆f(E, εF , T ) also shown in Figure 6.2 for three values of

temperature.

Results will be presented simultaneously for the net current, Inet, (Equa-

tion 4.1), the quantity measured in the experiments of [26], and the net
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Figure 4.11: The left vertical axis shows ∆τ for the potential in the numerical

model. It is first positive, indicating the transmission probability for positive Vsd is

larger than for negative Vsd. This behaviour for energies below the barrier height

can be understood from Figure 4.10, where it can be seen that for positive Vsd the

barrier is narrower, so that electrons can tunnel more easiliy than for negative Vsd.

∆τ changes sign and becomes negative for energies around the barrier height, as

electrons with these energies are more readily reflected from narrower and sharper

barriers. It then changes sign again to be positive for energies much higher than

the barrier height. Some discussion of the effect of potential shape on the shape of

the transmission probability is given in Appendix C. The right vertical axis shows

the ∆f ‘window’, discussed in §4.2, for a Fermi energy equal to the barrier height

of 8meV, for temperatures of 0.3K, 1.6K and 6K. The net current as a function

of Fermi energy is the equivalent of the mathematical convolution of the ∆τ (E)

curve and the ∆f (E, εF , T ) window.
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Figure 4.12: (a) The calculated net differential conductance as a function of Fermi

energy for |Vsd| = 0.5mV, for temperatures T = 0.3K, T = 1.6K and T = 6K.

(b) The net current, parameters as for (a). The main feature to note is that the

shape of the net current at T = 0.3K is very similar to the ∆τ curve shown in

Figure 6.2. This feature is important for the analysis of the experimental data as

it shows that by measuring the net current at a low temperature and source-drain

voltage, an accurate picture of the shape of the ∆τ curve of the experimental

device can be obtained.

differential conductance, gnet = dInet/dVsd, which was measured in the ex-

perimental work of this thesis. gnet is calculated in the model simply by

taking the derivative of Equation 4.1. Note that the model does not include

the effects of CIA.

Figure 4.12 shows the calculated net differential conductance, gnet, and

net current, Inet, as a function of the Fermi energy of the electrons, for a

barrier height of 8mV and |Vsd| = 0.5mV. Sweeping the side-gate voltage

in the experiment changes the barrier height relative to the Fermi energy,

and this measurement is therefore approximately analogous to the situation
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Figure 4.13: The model net differential conductance and net current as a function

of |Vsd| for a Fermi energy of εF = 7.5meV.

in the numerical model, where the barrier height is kept constant and the

Fermi energy changed. Figure 4.12 may thus be compared with Figures 4.3,

4.4 and 4.16. The main things to note in these figures is that the shape of Inet
strongly resembles that of the ∆τ curve in Figure 6.2, and that this shape

becomes ‘smeared-out’ with increasing temperature, as discussed at the end

of §4.2.

Figures 4.13 and 4.14 show calculated net differential conductance and

net current as a function of the magnitude of the DC bias voltage for εF =

7.5meV, εF = 8.0meV and εF = 8.1meV, each for a range of temperatures.

In Figures 4.13 and 4.14, the gnet curves shown in (a) are the derivatives

of the Inet curves shown in (b). The pupose of Figures 4.13 and 4.14 is

to illustrate the effect on the differential conductance and net current of an

increase in the width of the Fermi window. Figure 6.2, shows the fermi

window, ∆f (E, εF , T ) , and the ∆τ (E) curve. Centering the window on
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Figure 4.14: The model differential conductance and net current as a function

of |Vsd| for a Fermi energy of εF = 8.0meV. As for figure 4.13, this plot can be
understood by examining the effect of increasing the width of the Fermi window

in figure 6.2. As the window initially samples the ∆τ curve where it is negative

in this case, the net current in this figure begins negative and then changes sign

as the width of the window increased with increasing |Vsd|.
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Figure 4.15: The model differential conductance and net current as a function of

temperature for |Vsd| = 0.5mV and εF = 7.5, 8.0 and 8.1meV. The polarity of

gnet and Inet at T = 0.3K, 1.6K and 6K can be matched with those of gnet and

Inet at |Vsd| = 0.5mV in figures 4.13, 4.14. Along with the present figure, these
illustrate how increasing either the souce-drain voltage or the temperature mean

that the Fermi window averages over more of the ∆τ curve. Net current reversals

occur when the integrated area of ∆τ curve under the Fermi window changes sign.

an energy of 7.5meV and then increasing the width results first in a very

small positive net current, which turns negative when the window samples

the minimum of the ∆τ curve, and then positive again as it includes the

entire curve. Higher temperatures contribute to the averaging over the ∆τ

curve, as the Fermi window is more smeared out at higher temperatures.

Figure 4.15 shows the calculated net differential conductance and net

current as a function of temperature for the same Fermi energies as the

previous figures, for |Vsd| = 0.5mV. When the Fermi energy is placed at

7.5meV, the model predicts two reversals of the net current as a function of

temperature. The first at approximately 0.5K, when the Fermi window (see
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figure 6.2) averages over as much of the negative region of the ∆τ curve as it

does the first positive area, and the second at approximately 5.5K when the

Fermi window has expanded sufficiently to sample the second positive area.

The net current tends to a positive value at high temperatures for all values

of the Fermi energy, as the net area of the ∆τ curve is positive.

The central ideas of the model can be summarised as follows:

1. The difference in the transmission probability of the ratchet potential

under source-drain voltages of opposite sign, ∆τ , changes sign as a

function of energy. This is a purely quantum effect due to the change

in the shape of the potential under source-drain voltages of opposite

sign affecting tunnelling and higher energy electrons in different ways.

2. The Fermi window determines the energy spectrum of electrons par-

ticipating in transport, and therefore determines what energy range of

the ∆τ curve will be integrated over, and so determines the sign of the

net current.

3. As a result of points 1 and 2, it follows that changing the Fermi energy,

source-drain voltage amplitude or temperature can cause net current

reversals.

4.4 Experimental Data

All data shown in this section is from device D3. The effects of circuit-induced

asymmetry have been removed according to the method described in §3.2.2.

The technique used involves measuring the differential conductance of the

device in both ‘Forward’ and ‘Reverse’ source-drain configurations. These

measurements are then subtracted to remove the effects of CIA according to

Equation 6.2:

gnet (|Vsd|) ≡ g (+Vsd)− g (−Vsd) = 0.5 [gFpos + gRneg − gFneg − gRpos] (4.7)
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where small g denotes differential conductance g = dI/dVsd. This method

was used as symmetric gating had not yet been developed as a technique for

removing CIA at the time the following data was taken. The only net current

data presented was calculated numerically from the differential conductance

when this was measured as a function of the source-drain voltage. This is in

contrast to the data reported in [26], in which the net current was measured

directly as a function of magnitude of the source-drain voltage, temperature

and gate voltage through use of an AC, rather than DC, source-drain voltage.

Three data sets will be presented, with selected data plotted with numer-

ical results from the model for direct comparison.

1. Net differential conductance as a function of the gate voltage for |Vsd| =
0.5mV and T = 0.3, 1.6 and 6K.

2. Net differential conductance and net current as a function of the magni-

tude of the source-drain voltage for T = 0.3, 1.6 and 6K, at Vg = 0.7V

and Vg = 1.0V.

3. Net differential conductance as a function of temperature for |Vsd| =
0.5mV at Vg = 0.7V and Vg = 1.0V.

4.4.1 Net Differential Conductance versus Gate Volt-

age

Figure 4.16 (a) shows the net differential conductance of device D3 for |Vsd| =
0.5mV and T = 0.3K, determined via Equation 4.7 from the differential con-

ductance for positive and negative source-drain voltages, which are shown in

Figure 4.16 (b). The net differential conductance measurement was checked

for repeatability by heating the sample up to 6K then cooling it back to

the base temperature of 0.3K and repeating the measurement. The results,

shown in Figure 4.17, establish that the essential shape of the net differen-

tial conductance is reproducible, and also show that heating and cooling the
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Figure 4.16: (a) gnet(|Vsd|) (b) g(+Vsd) and g(−Vsd) as a function of gate voltage
for Vsd = 0.5mV. Note that the main difference between the sweeps is on the rise

to the plateaus.
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Figure 4.17: A comparison of the net differential conductance curves obtained

before and after heating to 6K and then returning to base temperature (0.23K),

and is likely to be due to the time delay between taking the sweeps. The gate

voltage was always swept in the same direction, so the shift between the curves

is not a result of hysteresis, but is rather a linear shift of the conductance curve

to lower values of gate voltage. This kind of shift is not unusual in these kinds of

devices. The important point to note is that all the main features of the curve are

reproducible.

sample can cause a shift in the gate voltage at which particular conductance

features appear.

The behaviour of the net differential conductance with temperature is

shown in Figure 4.18. As predicted by the model, gnet(|Vsd|) at higher tem-
peratures is essentially a ’smeared-out’ version of gnet(|Vsd|) at lower temper-
atures. This is due to the broadening of the Fermi window with increasing

temperature, and results in a change in sign of the net differential conduc-

tance at some gate voltages, such as those at Vg ≈ 0.7V and Vg ≈ 1.0V,
marked A and B in Figure 4.18. There has also been some shifting in features
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Figure 4.18: The experimental net differential conductance for temperatures 0.3K,

1.6K and 6K, showing the averaging effect of increasing temperature which was

predicted by the model. The markers ‘A’ and ‘B’ indicate gate voltages at which

source-drain voltage and temperatures sweeeps were taken.

such as the initial peak (for the 6K curve), due to the unavoidable time-lapse

between sweeps.

To examine the relationship of the experimental results with those of the

model in more detail, the first two conductance modes of the experimental

measurements (Vg = 0.5V to Vg = 0.68V, and Vg = 0.68V to Vg = 1.03V)

are plotted in Figure 4.19 adjacent to the net differential conductance pre-

dicted by the model. Firstly, it can be seen that the first two conductance

modes of D3 are qualitatively very similar, each showing an initial small neg-

ative minimum followed by a large positive maximum, and a further small

minimum and maximum, of similar magnitude. This demonstrates that the

physics which underlies the shape of the curve is repeated for each conduc-

tance mode. The net differential conductance predicted by the model also

shows the same qualitative behavior, with two maxima and minima of the

same sign as those of the experiment, although the magnitude and spacing
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Figure 4.19: Comparison of the measured net differential conductance as a func-

tion of side-gate voltage and that predicted by the numerical model as a function

of Fermi energy. Similar features are seen in both, two negative minimas between

two positive maximas. The magnitudes of the first minima in the experiment and

model are comparable, 0.01 and 0.002 2e2/h respectively. The magnitudes of the

remaining features are much larger in the experimental data than in the numerical

model. As mentioned in the text, this is likely to be due to the existence of larger

asymmetry in the actual potential experienced by the electrons than was used in

the model.

of these features is not exactly reproduced by the modelling. As it is un-

likely that the shape of the barrier chosen for the modelling is exactly the

same as that experienced by the electrons in the experimental device, and

the relationship between gate voltage in the experiment and Fermi energy in

the model is not linear, it is expected that this might lead to differences in

the relative magnitudes and spacing of the features in the differential con-

ductance.
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Figure 4.20: (a) A net differential conductance sweep versus source-drain volt-

age amplitude for Vg = 0.7V and for temperatures of 0.23K and 6K (b) The

corresponding net current, calculated from the information in (a).

4.4.2 Net Differential conductance versus Source-drain

Voltage

Figures 4.20 and 4.21 (a) show the net differential conductance and (b) the

net current measured as a function of the magnitude of |Vsd| at a gate voltages
of 0.7V and 1.0V for a range of temperatures. The gate voltages at which

these sweeps were measured are shown in Figure 4.18 with the markers ‘A’

and ‘B’. The behaviour with temperature in Figure 4.20, is consistent with

that expected from Figure 4.18 (the behaviour in 4.21 is also consistent,

but not as clear). At a source-drain voltage of Vsd = 0.5mV the differential

conductance is negative, but becomes positive for a temperature of 6K. This

change is associated with a reversal of the direction of the net current, shown

in (b), at a source-drain voltage of ∼ 1mV. Such net current reversals were
seen in different devices in [26], and were shown in Figure 4.6 for comparison.

Figure 4.22 directly compares the experimental results for a gate voltage
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Figure 4.21: (a) A net differential conductance sweep versus source-drain volt-

age amplitude for Vg = 1.0V for temperatures of 0.23K, 1.6K and 6K (b) The

corresponding net current, calculated from the information in (a).
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Figure 4.22: The top figure shows the net current calculated from the experimen-

tally measured net differential conductance from Figure 4.21. The bottom figure

shows the net current predicted by the model (c.f. Figure 4.13). The qualita-

tive behaviour observed in the experimental data is very well reproduced by the

numerical model.

of 1V and the model results for a Fermi energy of 8.1meV for temperatures

T = 0.23, 1.6 and 6K. It can be seen that again the model results show

good qualitative agreement with the experimental results, but differ in the

magnitude of net current observed, as was the case for the net differential

conductance versus gate voltage results.

4.4.3 Net Differential Conductance versus Tempera-

ture

Figures 4.23 and 4.24 show sweeps of the differential conductance with tem-

perature, taken at gate voltages Vg = 1.0 and 0.7V (points B and A re-

spectively in figure 4.18) and for a source-drain voltage amplitude of |Vsd| =
0.5mV. Despite the noise in the data, these are shown as reversals in the net
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Figure 4.23: (a) gpos and gneg measured for both an upsweep and a downsweep of

temperature for a gate voltage of Vg = 1.0V and a source-drain voltage amplitude

of |Vsd| = 0.5mV. It can be seen that the up and down sweeps are quite consistent.
(b) gnet for the parameters in (a). The data from the up and down sweeps was

averaged to produce this plot.
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Figure 4.24: (a) gpos and gneg measured for a gate voltage of Vg = 0.7V and a

source-drain voltage amplitude of |Vsd| = 0.5mV. Time constraints in measuring
this data meant that only upsweeps were taken. (b) gnet for the parameters in (a).
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Figure 4.25: Comparison of the experimentally measured net differential con-

ductance (top) and that predicted by the numerical model (bottom) as a func-

tion of temperature for Vg = 0.7V and Vg = 1.0V, and εF = 7.5m eV and

εF = 8.0m eV respectively. It can again be seen that the model predicts the

general behaviour of the experimental data.

current with temperature are generally considered to be a hallmark of quan-

tum behaviour in ratchets. They show explicit reversals in the net differential

conductance of the device with temperature. Finally, the smoothed net dif-

ferential conductance for Vg = 0.7V and Vg = 1.0V are compared directly

with the net differential conductance predicted by the model for Fermi ener-

gies εF = 7.5 and 8.1 m eV. As is the case for the previous data and model

comparisons, there is good qualitative agreement but an order of magnitude

difference in the size of the features.

4.5 Conclusions

The main ideas of this chapter can be summarised as follows:
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1. The probability of tunnelling and wave-reflection of electrons through

and from a barrier is very sensitive to its precise shape. As the shape of

an asymmetric potential changes under source-drain voltages of oppo-

site sign, the transmission probability as a function of electron energy

is different for the two cases.

2. The difference between the transmission probabilities for positive and

negative source-drain voltages, ∆τ (E) , changes sign as a function of

energy. This occurs because the change in shape of the potential upon

changing the polarity of the source-drain voltage affects the transmis-

sion of electrons in particular energy ranges differently, suppressing

transmission in some ranges while enhancing probability of transmis-

sion in other ranges.

3. There are two important predictions of the numerical model which have

been shown to be consistent with the experimental data. Firstly, that

the features of the net current and differential conductance as a func-

tion of Fermi energy are determined by the shape of ∆τ (E). Secondly,

that these features are progressively smeared out with increasing tem-

perature and source-drain voltage magnitude.

4. The data was measured on devices of different design and origin to

those of Linke et al. [26], and show that the existence of net current

reversals as a function of temperature, gate voltage and source-drain

voltage amplitude in mesoscopic quantum electron ratchets is a robust

effect, not limited to particular devices or measurement setups.
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Chapter 5

Introduction to Electron Heat

Engines

The second and main part of this thesis is entirely theoretical. Chapter 6

is an exploration of the heat-pumping abilities of quantum ratchets. It cov-

ers numerical calculations of the heat pumped by the asymmetric quantum

point contact (QPC) studied in the first part of the thesis, along with that

pumped by an asymmetric double barrier ratchet potential through which

resonant tunnelling occurs, leading to sharp features in τ (E). The latter is

determined to be much more efficient at pumping heat than the asymmetric

QPC potential, to the extent that it exhibits refrigeration of one electron

reservoir. Chapter 6 can be viewed as motivating Chapter 7, which examines

both analytically and numerically the properties of idealised energy selective

electron heat engines and refrigerators. Even though the idealised devices

studied may be viewed as quantum Brownian heat engines, the questions

answered by this chapter apply to ballistic electron heat engines in general.

Conditions for reversibility and Carnot efficiency, along with behaviour in the

maximum power regime are obtained and discussed in relation to previous

work on other quantum and electron heat engines such as thermionic and

thermoelectric refrigerators and power generators. To provide background

information for Chapter 7 in particular, some basic thermodynamic theory

91
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Figure 5.1: (a) A schematic of the operation of a heat engine. Heat Q2 is drawn

from a reservoir at a high temperature, useful work is done, and the remaining

heat Q1 is rejected into a reservoir at lower temperature. (b) A schematic of the

operation of a refrigerator. It is essentially a heat engine run in reverse, with an

input of work used to draw heat out of the cold reservoir T1, cooling it at the

expense of adding heat Q1 +W to the hot reservoir.

will be mentioned here, and an introduction will be given to thermionics,

thermoelectrics and other relevant work on quantum heat engines.

5.1 The Thermodynamics of Heat Engines and

Refrigerators

5.1.1 What is a Heat Engine?

Essentially, a heat engine is any process which receives heat from a reservoir

at a high temperature, does some work on its surroundings, and then rejects

heat into a reservoir at a lower temperature [67]. The work done is only

some part of the initial input of heat, equal to the difference in the absolute

magnitudes of the heat flows from the hot reservoir and to the cold reservoir,

Q2 −Q1, as shown schematically in Figure 5.1 (a).

The efficiency of a heat engine is the ratio of the work out to the heat

supplied, that is,

ηHE =
W

Q2
=

Q2 −Q1

Q2
(5.1)

In a refrigerator, the cycle is reversed. Heat Q1 is extracted from a
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reservoir at a low temperature using work W . Heat Q2, equal to the sum of

Q1 and W , is then deposited into a reservoir at a higher temperature. The

coefficient of performance of a refrigerator is equal to the ratio of the heat

removed from the cold reservoir to the work input W.

ηR =
Q1

W
=

Q1

Q2 −Q1
(5.2)

This is illustrated in Figure 5.1 (b).

5.1.2 Carnot Efficiency and Reversibility

In 1824 Sadi Carnot, a French engineer, approached the problem of improving

the steam engine by examining the basic physical principles upon which

efficiency depended, rather than the mechanical details as others had done

before him [67, 68]. Although incorrectly believing heat to be a fluid, he

correctly derived an expression for the maximum possible efficiency of a heat

engine which draws heat from a reservoir at a temperature T2 and deposits

waste heat into reservoir with a lower temperature T1 as

ηCarnotHE =
T1 − T2

T2
(5.3)

The corresponding Carnot efficiency for a refrigerator which removes heat

from a reservoir at temperature T1 and deposits heat into a hotter reservoir

T2 is

ηCarnotR =
T1

T2 − T1
(5.4)

The Carnot efficiency provides an upper limit to the efficiency of any heat

engine or refrigerator, regardless of the physical systems involved. If a sys-

tem is working at Carnot efficiency, then this necessarily implies that it is

working reversibly. Reversibility means that the entropy of the system does

not increase with time, and that with an infinitesimal change in the system

parameters, the direction of heat flow in the system may be reversed [67].
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5.2 Electronic Systems as Heat Engines and

Refrigerators

Electronic systems used as heat engines and refrigerators may be classed, for

the purposes of this thesis, into those which are designed to operate at am-

bient temperatures, that is at T ≈ 300K and above, and those intended to
operate at cryogenic temperatures. Into the first category fall thermionic and

thermoelectric refrigerators and power generators [69, 70, 71], and into the

second NIS (Normal-Insulating-Superconductor junction) [72] and the Quan-

tum Dot refrigerator [73]. The common feature of all electronic refrigeration

systems is that cooling is achieved by physically removing high energy elec-

trons from the reservoir to be cooled, it is essentially ‘evaporative cooling’

[74]. For this reason, all the devices incorporate barriers or other energy

selection mechanisms such as resonant tunnelling or gaps in the density of

states, to limit the current flowing in the device to electrons in particular

energy ranges. It is from this idea, that all electronic refrigerators and power

generators are energy selective in some way, that the title of the second half

of this thesis is derived.

5.2.1 Thermoelectric Power Generators and Refriger-

ators

In 1822-23, around the same time that Sadi Carnot was studying the limiting

efficiency of the steam engine, Thomas Seebeck described in the Journal of

the Prussian Academy of Sciences a discovery he called "the magnetic polar-

isation of metals and ores produced by a temperature difference". Seebeck

was interested in this phenomena as supposed evidence in support of his belief

that the existence of the earths magnetic field could be explained in terms

of the temperature difference between the equator and the polar ice cap.

However it is clear that what Seebeck actually discovered was the existence

of an electrical current in a closed circuit made up of different conductors in
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which the junctions of the materials are held at different temperatures [69].

The real significance of the discovery was in the potential to generate power

from low-grade heat. Had Seebeck developed a device to produce electricity

using the best materials he found (ZnSb and PbS), he might have made a

heat engine with an efficiency of ≈ 3%, equal to the best steam engines of

his time [69]. The complementary effect, that a current will induce a tem-

perature difference at a junction of two different conductors, was discovered

by Jean Peltier, a French watchmaker, twelve years later.

Thermoelectric refrigerators and power generators operate in the regime

where electron transport is diffusive rather than ballistic [74]. This means

that the distance the electrons must travel to move between the hot and

cold reservoirs is large compared with the average distance an electron would

travel before colliding inelastically with other electrons or the lattice. Devices

are generally made by creating two junctions of n- and p-type semiconduc-

tor materials [69]. These materials have different Fermi energies in their

bulk state, so when a junction is made between them, band-bending occurs

as charge builds up until a constant Fermi energy is established across the

junction, as shown in Figure 5.2.

To achieve refrigeration using the Peltier effect, a voltage is applied be-

tween the materials to lift the potential of the n-type material, as shown in

Figure 5.3 (a). Under the influence of this voltage, the most energetic, or

‘hot’ electrons and holes will flow away from the junction area, thus cooling

it. The barrier which accomplishes this energy selection is the step up to the

conduction band in the p-type material. Figure 5.3 (a) corresponds to the

top junction next to the ‘cooled’ reservoir in Figure 5.3 (c). The electrons

and holes removed flow to the other p-n junction across which a voltage of

the opposite sign is necessarily established, where they deposit their excess

energy as heat. This is shown in Figure 5.3 (b), and corresponds to the lower

junction in Figure 5.3 (c).

The device can be run in reverse as a power generator when the top junc-

tion is heated to a temperature above that of the heat sink. This utilises the
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Figure 5.2: A p-n junction. Semiconductor material on the left is doped with

atoms with one more electron in the conduction band than the atoms which con-

stitute the semiconductor itself. The extra electrons from the ‘donor’ atoms in-

crease the Fermi energy of the material, shifting it from the centre of the band-gap

to close to the valance band. The opposite occurs in p-type material, which is

doped with atoms with one less electron in their conduction band. The donor

atoms capture electrons from the conduction band to create ‘holes’. The Fermi

energy in p-type materials is shifted towards the conduction band. At the junction

between these materials the conduction and valence bands of the semiconductor

are bent due to charge build-up, so that a constant Fermi energy is maintained

across the junction. If this did not occur, there would be a flow of electrons from

the n-type, which has more electrons, to the p-type, until a constant Fermi energy

was established.
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Figure 5.3: (a) A p-n junction which is cooled via the removal of hot electrons.

This corresponds to the top junction in (c). (b) A p-n junction at which heat is

deposited. It correponds to the lower junction in (c). Schematic of thermoelectric

refrigeration, (c), and power generation, (d). Both schemes work by joining n- and

p-type semiconductor materials via a metal junction (which does not change the

behaviour of the junction). If a voltage is applied between the materials (shown at

the bottom of c), then electrons and holes with higher-than-average energies are

drawn from the junction, cooling it (this is the Peltier effect) and depositing waste

heat into the reservoir labelled ’heat sink’. If on the other hand, as shown in (d),

the junction is maintained at a higher temperature than the heat sink, electrons

and holes again flow from the junction and establish a voltage differential between

the materials. This is known as the Seebeck effect.



CHAPTER 5. INTRODUCTION TO ELECTRON HEAT ENGINES 98

Seebeck effect, in which a temperature differential induces a voltage differ-

ential, and is shown schematically in figure 5.3 (d).

All thermoelectric materials are characterised by a parameter z = S2σ/κ,

where S ≡ dV/dT is the thermoelectric power or the Seebeck coefficient, σ

is the specific electrical conductivity of the material, and κ = κel+κph is the

sum of the specific thermal conductivity due to electrons and phonons. z is a

very important parameter for thermoelectric devices as the efficiency of ther-

moelectric power generators and refrigerators depends only upon the tem-

perature of the heat reservoirs and M =
√
1 + zT , where T = 0.5 (TH + TC)

as [69, 71]

ηTEHE =
(TH − TC) (M − 1)

MTH + TC
(5.5)

and

ηTER =
MTC − TH

(TH − TC) (M + 1)
(5.6)

The development of high efficiency thermoelectric power generators and

refrigerators has not been achieved to date because the best thermoelectric

materials discovered to date have a value of Z ≡ zT lower than 4, leading to

efficiencies of only a few percent. A significant problem in the development

of materials with a high Z value is that the electrical and thermal conductiv-

ities are closely related. Increasing the electrical conductivity of a material

would increase its z value through σ, however such an increase in σ is usually

accompanied by a corresponding increase in the value of the thermal conduc-

tivity due to electrons κel, which decreases z. Despite the lack of materials

with a high Z value, the theoretical limit on Z is infinity in the limit of zero

phonon conductivity and an infinite bandgap. Reviews of the current state

of thermoelectric technology are given in [75, 76, 77, 71].

5.2.2 Thermionic Power Generators and Refrigerators

In contrast to the thermoelectric devices discussed so far, in thermionic de-

vices electron transport is ballistic, that is, the distance electrons must travel

between the hot and cold reservoirs is less than the mean-free path between
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Figure 5.4: A thermionic device utilises a barrier which is not wider than the

mean-free path of an electron, either using the work-function of a material in

vacuum devices, or a band engineered barrier in solid state devices. When the

device is operated as a heat engine, there are sufficient high energy electrons in

the hot reservoir that many are transported over the barrier, producing a potential

difference between the reservoirs. When operated as a refrigerator, a voltage is

applied to one side until the highest energy electrons are removed, thus cooling

one side of the device.

inelastic scattering events. In these devices, shown schematically in Figure

5.4, the barrier may be the work function of a material [70], that is, the

finite energy required for an electron to escape the material in the case of

vacuum devices, or more recently, a barrier constructed via band engineering

in semiconductor materials [74].

Vacuum thermionic power generators employ the work function of mate-

rials as a barrier, and use the voltage generated across a vacuum between a

heated emitter and a collector at a lower temperature. They generally op-

erate at temperatures of ∼1500 ◦C with Cesium metal surfaces whose work

function is ∼ 2 eV [70]. Most applications for refrigerators are for achieving
temperatures below 300K, and so far no vacuum thermionic refrigerators

exist due to a lack of stable materials with a sufficiently low work function,
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which would need to be ∼ 0.3 eV or less to maintain a useful refrigerating
power [71]. The lowest attained is in semiconductors such as Si and GaAs,

with a value of 0.7 − 0.8 eV. A recent development has been the proposal
to use nanometer sized gaps, such as can be produced using an AFM tip, to

overcome the need for such low work functions [78, 79].

While vacuum designs have the obvious advantage of very low thermal

conduction between the emitter and collector electrodes, thermionic refriger-

ators implemented in semiconductor heterostructures can easily achieve the

low barrier heights essential to a significant refrigeration power. It has been

shown that due to the increased heat leaks associated with having a barrier

narrower than the mean free path, single barrier solid state thermionic devices

are out-performed by thermoelectric devices for all known materials [80, 81].

Recently Mahan [74, 75] proposed a multilayer thermionic refrigerator and

power generator, dealing with the problem of high thermal conductance in

the semiconductor material by having a small temperature differential be-

tween a large number of barriers to achieve a finite temperature differential

over the entire device.

5.2.3 Cryogenic Electron Refrigerators

Thermoelectric and thermionic refrigerators and power generators are de-

signed to work at ambient and elevated temperatures. Quantum Dot and

NIS-based refrigerators on the other hand, are designed to cool at cryo-

genic temperatures below 1K, where thermal conduction via phonons is sup-

pressed. The heat flow between the lattice and electrons is proportional to

T 5p − T 5e [82], so below 1K this heat flow is very small, and electrons can be

refrigerated below the temperature of the lattice without heating occurring

via phonon-electron interactions.

Normal-insulating-superconductor junction (NIS) refrigerators utilise the

energy gap in a superconductor as the barrier which selects only high energy

electrons for transport. A ‘sandwich’ of normal metal, insulating material

and superconducting material is created and biased with a voltage. Electrons
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with energies higher than the superconducting gap leave the metal, and thus

cool it, by tunnelling through the insulator into the superconductor. Cooling

by NIS and SINIS has been experimentally demonstrated [72, 83, 84, 85, 86].

For example, a SINIS structure was recently shown to able to achieve an

electronic temperature of 100mK from an initial temperature of 300mK [86].

Edwards et al. have proposed a quantum-dot refrigerator (QDR) [73, 82]

which could potentially be fabricated by etching and gating a 2DEG in a

GaAs/AlGaAs heterostructure. The QDR is shown schematically in Figure

5.5 (a), based on the corresponding Figure in [82]. The whole structure is

biased as shown in (b) and the central electron reservoir is cooled via the

removal of hot electrons and holes. This is done through the resonant levels

of quantum dots which have been tuned to a desired energy using electrostatic

gates. Figure 5.5 (b) indicates the Fermi occupation in each of the reservoirs

via the intensity of shading, and the resonant energy levels of the dots with

dark horizontal lines. The resonances are situated above and below the Fermi

energy of the cold reservoir to remove hot electrons and holes, respectively.

The practical considerations such as phonon heat leaks and optimum

operational temperatures (to name but two) of such a refrigerator are ex-

amined in great depth in [82], however an analytic approach to determine

fundamental limits to the efficiency and power was not attempted. This gap

is addressed in Chapter 7 of this thesis.

5.3 Brownian Heat Engines

The term ‘Brownian motors’ is generally applied to any ratchet which does

some work against a load (a recent comprehensive review is given in [87]).

A sub-class of Brownian motors are thermal Brownian motors, also called

Brownian heat engines, in which the source of non-equilibrium used to power

the ratchet is a temperature differential. The most famous example of a

Brownian heat engine is the Feynman ratchet, which rectifies the difference

between thermal fluctuations in two reservoirs at different temperatures (it
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Figure 5.5: The quantum dot refrigerator proposed by Edwards et al. It is de-

signed to be fabricated by surface-gating or otherwise confining a two-dimensional

electron gas (2DEG) created at a GaAs/GaAlAs interface. (a) The central reser-

voir is cooled by the removal of high energy electrons and low energy holes via

the quantum dots DL and DR to leads L and R. The energy at which electrons

are removed is controlled by influencing the energy levels inside the quantum dots

by adjacent gates. (b) A schematic of the QDR refrigerator as a function of en-

ergy, showing the resonant energy levels in each of the quantum dots. The highest

and lowest levels are assumed to be too far away from the Fermi energies of the

reservoirs to contribute to transport. Figure based on that in [82].

may be distinguished from the Smoluchowski-Feynman ratchet, discussed

in Chapter 2, in which the vane and ratchet mechanism are kept at the

same temperature, so cannot therefore do any useful work). While Feynman

believed that the ratchet could operate with Carnot efficiency in the quasi-

static limit, Parrondo and Español showed that in fact the efficiency of the

Feynman ratchet tends to zero in the quasistatic limit. Sekimoto has also

analysed the Feynman ratchet analytically and numerically, with the same

finding [88, 89, 90].

Similar results are found for Brillouin’s Diode [91]. Brillouin considered

a diode subject to thermal electrical noise, and showed that in thermal equi-

librium, it could not produce a current by rectifying noise. Recently Sokolov
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has studied the case where a resistor and an ideal diode are kept at different

temperatures, concluding that the efficiency of this system was limited to

an efficiency below the Carnot value in the quasistatic limit [92]. If however

the resistor is swapped for a second ideal diode, then Sokolov showed that

Carnot efficiency can be obtained in the limit that the back-resistance of the

diodes tends to infinity [93].

Another important Brownian heat engine is the Büttiker-Landauer model

[94, 95]. Figure 5.6 shows Brownian particles subject to a periodic potential

gradient (of which only one period is shown). Work is done by the engine by

utilising a periodic temperature modulation along the potential to transport

particles up a linear potential gradient. It should be noted that the electron

heat engine which will be analysed in Chapter 7 can be thought of as a

ballistic analogue of this diffusive thermal motor.

The efficiency of the Büttiker-Landauer model has been analysed in detail

by Derényi and Astumian in [96]. Splitting the heat transfer into two compo-

nents, that due to the potential energy of the particles and that due to their

kinetic energy, they demonstrated that the transfer of heat from the hot to

the cold reservoir via the potential energy of particles is reversible when the

ratchet operates quasistatically (when the height of the potential barriers is

infinite). The heat transfer via the kinetic energy of the particles was found

to be intrinsically irreversible. It could however be made small by invoking

a gating mechanism to prevent particles crossing temperature boundaries

multiple times before reaching a potential minima. As this second source of

irreversibility can in principle be made negligibly small, they found that the

efficiency can approach Carnot efficiency. It will be seen in Chapter 7 that

the efficiency of the ballistic analogue of this motor also achieves Carnot effi-

ciency when operated in the quasistatic limit of infinitely high barriers. As a

result of the use of energy filtering, it will be shown that the energy selective

electron heat engine also operates with Carnot efficiency in the regime where,

for electrons of one particular energy, the effects of the thermal gradient are

exactly countered by those of the potential gradient [97].
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Figure 5.6: The Büttiker-Landauer thermal ratchet consists of overdamped (al-

ways thermalised) particles subject to a potential with an (on average) linear slope.

A periodic thermal modulation is applied such that the wall of the lower potential

well is at a higher temperature than that of the higher well. This means that even

though the difference in potential energy between the bottom of the left well and

the top of the barrier is smaller than that between that of the right well and the

top of the barrier, particles on the right are subject to a higher temperature, and

obtain large amounts of thermal energy more frequently than particles on the left.

The direction of transport therefore depends on the relative magnitudes of these

competing gradients.
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5.4 Finite Time Thermodynamics

5.4.1 What is Finite Time Thermodynamics?

To achieve Carnot efficiency, a heat engine must operate reversibly. For cyclic

heat engines such as those based on the Carnot cycle, this means that there

must be only infinitesimal differences in the temperatures of the working gas

and the reservoirs, and in this case it takes an infinite time for the heat

engine to perform any work. Practically, heat engines and refrigerators need

to perform useful work in a finite amount of time. This requirement leads to

the question of how the performance of heat engines and refrigerators which

work in finite-time, with finite temperature differences between their working

gas and their heat reservoirs, may be optimised. It is this question that

the field of finite-time thermodynamics attempts to answer systematically

[98, 99, 100, 101, 102].

5.4.2 Endoreversibility and the Curzon-Ahlborn Effi-

ciency

The easiest situation to deal with theoretically is that where the internal

changes of state of the working substance occur reversibly, but the exchange

of heat between the working substance and the reservoirs occurs irreversibly

due to the finite temperature difference between them. A heat engine or

refrigerator which operates in this way is generally called endoreversible,

meaning ‘internally reversible’, and is illustrated schematically in Figure 5.7.

A heat engine could be non-endoreversible if, for example, there was non-

negligible friction, non-uniform pressure or temperature in the working gas

during a cycle.

In what is regarded as the seminal paper of the field, Curzon and Ahlborn

[98] examined a heat engine in which the heat transferred between the work-

ing gas and the reservoirs was Newtonian, that is, linearly proportional to

their temperature difference. They found that the efficiency of the heat en-
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Figure 5.7: Illustration of an endoreversible heat engine. A finite temperature

difference exists between the working gas and the reservoir it is in thermal contact

with. This finite temperature difference allows a finite amount of heat to be

transferred in a finite amount of time. This differs from the reversible situation

in which the the working substance and the reservoirs are only infinitesimally

different in temperature. The internal changes in state of the working gas are still

assumed to be reversible, leading to the name endoreversible,meaning "internally

reversible".

gine under maximum power conditions was dependent only on the ratio of

the temperatures of the reservoirs, τ = TC/TH as

ηCAHE = 1−
√
τ (5.7)

As discussed in §5.1.3, the Carnot efficiency is ηCHE = 1− τ , which is greater

than the Curzon-Ahlborn (CA) efficiency for all values of τ . The CA efficiency

is a very good approximation to the efficiency of many power plants [98], and

applies to heat engines which employ a variety of thermodynamic cycles, for

example, Carnot, Otto, Joule and Diesel, as long as the heat transfer between

the reservoirs and the working substance depends linearly upon the temper-

ature difference between them [103, 104, 105]. Studies have also been done

on heat engines in which the heat transfer between the working substance

and the reservoirs is not linear with the temperature difference [106], and for
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non-endoreversible realisations of heat engines which utilise a Carnot cycle

[107, 108]. Velasco et al. recently obtained a τ dependent upper bound on

the performance of a Carnot refrigerator working in the finite time regime

by maximising the per-unit-time coefficient of performance [109, 110, 111].

5.4.3 Brownian Heat Engines in Finite Time

Velasco et. al. [112] have also been active in examining the performance of

the Feynman ratchet [2] in the finite-time regime of operation. The Feynman

ratchet consists of a working system which is simultaneously in contact with

two thermal reservoirs. Parrondo and Español [3] have shown that this leads

to unavoidable irreversibilities in its operation which limit its efficiency to

below the Carnot value, as heat leaks from the hot to the cold reservoir even

when no work is done due to the fact that thermal fluctuations are dissipated

in both reservoirs. Velasco et al. examined the efficiency and power of the

Feynman ratchet as a function of an ‘irreversibility parameter’, proportional

to this heat leak between the hot and cold reservoir. When the ratchet is

operating in the linear regime (when the energy required to lift the pawl is

much less than the temperature of the cold reservoir) it was found that the

efficiency at maximum power was ηF = (1−τ)/(1+τ) when the ‘irreversibility
parameter’ of the ratchet was set to zero. The behaviour of the ratchet was

also examined for finite values of the irreversibility parameter, in which case

loop-shaped power versus efficiency curves were found, as well as an upper

bound for the power output of the ratchet which was dependent upon the

ratio of the energy needed to lift the pawl and the temperature of the hot

reservoir.

Salas and Hernández [113] have analysed Sokolov’s version [92] of Bril-

louin’s diode [91], consisting of a diode and a linear resistor held at different

temperatures, and emphasised the similarity of the loop-shaped behaviour of

the power versus efficiency found in this system to that found in other real

engines. They suggested that the heat transported from the hot to the cold

reservoirs due to the dissipation of thermal fluctuations in the diode engine
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under the condition of no current (zero power and zero efficiency) plays for-

mally the same role as that of the heat leak in models of real heat engines

such as that studied by Curzon and Ahlborn.

In the second part of Chapter 7, an energy selective electron heat en-

gine, which may be viewed as a ballistic analogue of the Büttiker-Landauer

Brownian heat engine, will also be examined in the maximum power regime.

Unlike the Feynman ratchet and Brillouin diode heat engine (consisting of a

diode and a linear resistor), the energy selective heat engine is not fundamen-

tally irreversible, but it will be seen that loop-like behaviour in power versus

efficiency curves can still be obtained in particular (non-optimal) operating

regimes. The fundamental difference between the electron heat engine stud-

ied in this thesis and the Brownian heat engines studied in the maximum

power regime to date is the energy selectivity of the electron heat engine,

which can be used to avoid heat leaks in situations of zero power.



Chapter 6

Quantum Ratchets as Heat

Pumps

In Chapter 4 it was established that rocked quantum electron ratchets can

exhibit net current reversals as a function of temperature, magnitude of rock-

ing voltage, and barrier height. In this chapter the implications of this result

for the heat currents flowing in the device will be examined. The crucial

observation that underlies this chapter is that at parameter values where the

net electron current changes sign, equal numbers of electrons are being trans-

ported in opposite directions through the device, but the energy distribution

of these two currents is not the same. The quantum ratchet is thus able to

transfer heat between the reservoirs even though there is no net transfer of

electrons.

The potential barrier used to model the experimental quantum point con-

tact ratchet in Chapter 2 (hereby known as the ‘experimental potential’) is

shown in Figure 6.1 under negative (left) and positive (right) source-drain

voltages. The spectral distribution of the electron current is indicated qual-

itatively in both cases via arrows. The width of the arrows signifies the

relative contribution of high and low energy electrons to the current in each

case.

Quantum ratchets based on asymmetric quantum point contacts can thus

109
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Figure 6.1: The left picture shows the experimental potential under negative

source-drain voltage, where it is thicker and smoother than under positive source-

drain voltage (shown in the right picture, note that the vertical axis is offset by

e|Vsd| from that of the left figure). This change in shape means that the trans-

mission of tunnelling electrons is favoured for positive source-drain voltages, while

transmission of electrons with energies higher than the barrier is more likely to

occur in the opposite direction, that is, for negative source-drain voltages. At

parameter values where the number of left and right going electrons exactly can-

cels, heat is still transported across the device due to the fact that the energy

transported by electrons travelling in oppostite directions across the barrier is, on

average, not the same.

be described as heat pumps [114]. It will, however, be shown in this chapter

that asymmetric point contacts are not particularly effective at pumping

heat, with the rocking action of the ratchet heating both sides of the device,

one less than the other. In the second part of this chapter (§6.3), a design

which incorporates an asymmetric resonant tunelling double barrier structure

will be shown to be much more effective at pumping heat, so much so that it

can behave as a refrigerator, cooling one reservoir at the expense of heating

the other.
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6.1 Adaptation of Landauer Theory to Heat

Currents

In §2.2.3, the Landauer equation for electrical current through a one-dimensional

conductor was derived (Equation 2.6), and is repeated here for the conve-

nience of the reader.

I (Vsd, T ) =
2e

h

Z ∞

0

τ(E, Vsd){fL (E, εL, TL)− fR (E, εR, TR)}dE (6.1)

This equation relates the current between two electron reservoirs to the prod-

uct of the difference in the Fermi occupation functions fL and fR in the left

and right reservoirs and the probability, τ , that an electron will be trans-

ported though an intervening constriction.

The analysis will be limited to parameter values where Inet = 0 in order

to avoid any net transfer of electrons between the reservoirs which would

entail a ‘trivial’ heat flow. The heat deposited in a reservoir by an electron

with energy E can be determined from the first law of thermodynamics for

an open system, in which volume and pressure is constant [67]
·
UL/R =

·
QL/R + µL/R

·
N. (6.2)

The change in the internal energy of the left reservoir is
·
UL = −E

·
N and

that of the right reservoir is similarly
·
UR = E

·
N . The chemical potentials

µL/R can be approximated by the Fermi energies of the reservoirs, as long as

kT << εF . We can therefore obtain an expression for the heat flux into the

left and right reservoirs
·
QL/R(where L/R indicates the left or right reservoirs)

from Equation 7.9 as
·
QL(±Vsd) = ±

2

h

Z ∞

0

[E − εL]τ(E,±Vsd){fL[E, εL, T ]− fR[E, εR, T ]}dE
(6.3)

·
QR(±Vsd) = ∓

2

h

Z ∞

0

[E − εR]τ(E,±Vsd){fL[E, εL, T ]− fR[E, εR, T ]}dE
(6.4)

E − εL/R, will not be the same for the left and right reservoirs as their

Fermi energies differ by +eVsd (see Figure 6.1) when a positive source-drain
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voltage is applied, and −eVsd for a negative source-drain voltage. In the
analysis it will be assumed that the source-drain voltage is applied equally

to the left and right sides of the device. This is done for analytic simplicity,

and as only differences in potential are meaningful, this assumption does not

alter the results obtained. The equilibrium (Vsd = 0) Fermi energy of the

left and right reservoirs will be denoted εF . Then εL = εF ± eVsd/2 and

εR = εF ∓eVsd/2 are the Fermi energies of the reservoirs when a source-drain
voltage of ±Vsd is applied.
Defining

∆f(E, |Vsd|, T ) ≡ {fL[E, εF + e|Vsd|/2, T ]− fR[E, εF − e|Vsd|/2], T}

and
·
Q

net

L/R(|Vsd|) = 0.5[QL/R (+Vsd) +QL/R (−Vsd)]
we can write the time-averaged heat flux into each reservoir when a square

wave voltage is applied to the device as

·
Q

net

L (|Vsd|) = 0.5[Ω− Λ]

and
·
Q
net

R (|Vsd|) = 0.5[Ω+ Λ] (6.5)

where

Ω =
2

h

Z ∞

U0

e |Vsd|Γ(E, |Vsd|)∆f(E, |Vsd|, T )dE (6.6)

and

Λ =
2

h

Z ∞

U0

[E − εF ]∆τ(E, |Vsd|)∆f(E, |Vsd|, T )dE (6.7)

Here Γ (E) = 0.5 [τ(E,+ |Vsd|) + τ(E,− |Vsd|)] is the average transmission
probability. Λ is the amount of heat pumped from the left to the right side

of the ratchet over one full rocking cycle, and is non-zero only for asymmetric

devices. Ω is the ohmic heating that any symmetric mesoscopic device would

experience under a symmetric square wave source-drain voltage of |Vsd|, and
is equally distributed in the two reservoirs.
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The coefficienct of performance of a refrigerator was defined in Chapter

5. Assuming that the action of the ratchet will be to remove heat from the

left side, we define the appropriate coefficient of performance (COP) as:

ηR =
|
·
Q
net

L |
|
·
Q

net

R |− |
·
Q

net

L |
=

Λ− Ω

Ω
. (6.8)

When Λ is zero there is no heat pumped from one reservoir to the other and

ηR = −1. As some heat is pumped from the left to the right reservoir, that

is, as the magnitude of the difference in the transmission probabilities |∆τ |
becomes comparable to the average of the transmission probabilities, Γ, ηR
grows less negative and approaches zero as the ratchet pumps all the ohmic

heat to the right side of the ratchet. If the device actually cools the left

reservoir, with Λ ≥ Ω, ηR becomes positive.

6.2 Numerical Calculations for the Experi-

mental Ratchet

The coefficient of performance (COP), ηR, of the experimental potential as

a heat pump may be calculated for parameter sets where the numerically

calculated net current experiences a sign change, that is, where the inte-

gral of ∆τ (E)∆f (E, εF , |Vsd| , T ) with respect to E is non-trivially zero.

∆f (E, εF , T ) and ∆τ (E) (calculated for the ‘experimental’ potential) are

shown in Figure 6.2). For each value of T and |Vsd|, the Fermi energy (or
energies) for which the net current equalled zero was numerically determined,

and the COP then calculated for this parameter triplet.

Figure 6.3 shows the Fermi energy and temperature pairs for which the

net current through the ratchet was zero for bias voltages of 0.1, 1.0 and

2.5mV, which correspond to increasing Fermi window widths. There are two

‘branches’ for each value of source-drain voltage. This occurs because there

are two Fermi energies at which the centre of the Fermi windowmay be placed

so that the net current equals zero. For zero source-drain voltage, these Fermi
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Figure 6.2: The left vertical axis shows ∆τ for the experimental potential (shown

in Figure 4.10). The right vertical axis shows the ∆f ‘window’ for a Fermi energy

equal to the barrier height of 8meV, for temperatures of 0.3K, 1.6K and 6K, and

a source-drain voltage amplitude of 0.5meV (which determines the width of the

window at T = 0K). When the ∆f window samples the ∆τ curve over an area

where the integral of the∆τ curve is zero, then the net current will be zero. There

are two energies at which the ∆τ curve changes sign. These are associated with

the two ‘branches’ of Fermi energies which yield zero net current, marked ‘A’ and

‘B’ in ensuing Figures.
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Figure 6.3: Fermi energy and temperature pairs which yield zero net current for

|Vsd| = 0.1, 1.0 and 2.5meV. There are two ‘branches’ for each value of |Vsd|
because there are two separate Fermi energies at which the Fermi window can be

placed to sample equal positive and negative areas of the ∆τ curve, one around

7meV, and one around 8meV (see Figure 6.2).
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energies correspond to the energies at which the ∆τ curve changes sign, and

are marked on Figure 6.2.

Figure 6.4 shows η+1 for the εF , T and |Vsd| parameter triplets plotted in
Figure 6.3. The two branches which appear in Figure 6.3 are again apparent.

The negative branch (Branch A of figure 6.3) corresponds to heat being

pumped from the right reservoir to the left reservoir, and is associated with

the sign change in ∆τ around 8.2 meV. The positive branch (Branch B of

Figure 6.3) corresponds to the pumping of heat in the opposite direction,

and is associated with the sign change in ∆τ around 7.8 meV.

The direction of heat transfer can be understood by recalling firstly that

where the ∆τ curve is positive, electrons are transmitted, on average, from

the right to the left reservoir over a full rocking cycle. Secondly, if the positive

part of the ∆τ curve sampled by the Fermi window is higher in energy than

the negative part, then the total energy of the electrons flowing from right

to left is higher than that of the electrons which flow from left to right when

the net current is zero, and so heat is pumped from right to left (in this

example).

Figure 6.4 shows that the coefficient of performance is actually negative

for the experimental potential, η ≈ −1, because the amount of heat pumped
from one reservoir of the device to the other due to the action of the ratchet,

Λ, is much smaller than the amount of heat created in each reservoir, Ω.

The underlying reason for the low COP for the experimental potential is

that it depends upon the ratio of |∆τ (E)| to the average probability Γ (E).

In the case of the experimental potential this ratio is of the order of 0.05.

This means that the difference in the spectral distribution of the current for

positive and negative source-drain voltages is very small, and many electrons

participate in the current and cause ohmic heating while there is only a small

difference in the energy currents accross the barrier under a change in sign

of the source-drain voltage. The preferable situation is where |∆τ (E)| is the
same order of magnitude as Γ (E) , that is where only low energy electrons are

transmitted into the reservoir to be cooled under one sign of the source-drain
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Figure 6.4: η + 1 for the ’experimental’ potential for the Fermi energy, tem-

perature and bias voltage triplets shown in Figure 6.3. The positive branches

correspond to Branch B in Figure 6.3, in this case heat is being pump from the

left to the right reservoirs of the ratchet. The negative branches to correspond

to Branch A marked on the same figure, and in this case heat is pumped in the

opposite direction, from the right to the left reservoirs. η + 1, rather than η is

plotted as in both cases the amount of heat pumped from one reservoir to the

other is still less that the ohmic heating which occurs in each reservoir due to the

rocking action of the ratchet, meaning that η is negative in both cases.
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voltage, and only high energy electrons are transmitted out of the reservoir

under the opposite sign. In this way all electrons which are transported

perform heat transfer, that is, contribute to cooling one of the reservoirs.

This situation can be attained using sharp energy selective features such as

resonant tunnelling states, and will be discussed in the next section.

6.3 Numerical Calculations for a Double Bar-

rier Ratchet

It has been established that an efficient quantum ratchet heat pump would

transmit only low energy electrons when tilted in one direction, and only

high energy electrons when tilted in the opposite direction. An asymmetric

quantum dot in the resonant tunnelling regime of transport can, in princi-

ple, be designed to have these properties. Landauer formalism can be used

to describe transport in this regime as long as there is no electron-electron

interactions. If phase-breaking scattering is present, then the sequential tun-

nelling picture, described via a rate equation approach is used [40, 115]. It

can, however, be shown [40] that these two approaches yield identical ex-

pressions for the current per mode around resonance. Note that often the

term ‘quantum dot’ is more closely associated with devices whose dimensions

are sufficiently large that the spacing of the resonant energy levels is much

smaller than kT, but which have a very small capacitance so that peaks in the

conductance occur at an energy spacing given by integral multiples of e2/C,

where C is the capacitance of the dot. In this thesis the term ‘quantum dot’

will be used to refer to devices with dimensions of the order of an electron

wavelength, in which confinement effects are the primary consideration.

A quantum dot (1D-0D-1D system) has been chosen for study, rather

than an alternative resonant tunnelling system such as band engineered

GaAl1−xAsx (a 3D-2D-3D system), because the quasi-0D confinement gives

the desired transmission of electrons in a very narrow range of energies. In

comparison, 3D-2D-3D systems transmit electrons with a wide range of total
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Figure 6.5: The rocked resonant tunnelling ratchet potential under zero source-

drain voltage. The essential feature for pumping heat is the asymmetric base of the

well. This ensures that the resonances shift in energy when the device is subject to

a square wave source-drain voltage. Note that the effective mass of electrons used

in these calculations is that for GaAs, as has been used throughout this thesis

energies, as the momemtum of the electrons is only confined in one dimension

in this case. 3D-0D-3D transport, where the leads connecting the dot to the

reservoirs are three-dimensional, is dealt with in detail in Appendix H.

In this section the COP of a hypothetical ratchet based on the poten-

tial profile of an asymmetric quantum dot (to be called a Rocked Resonant

Tunnelling Ratchet, RRTR) will be calculated. It is found that this device

configuration is much better at pumping heat than the asymmetric QPC po-

tential used in the calculations of the previous section, to the extent that it

can actually remove heat from one reservoir, so cooling it (at the expense

of heating the other reservoir). The dimensions of the potential chosen for

study were determined by an iterative process to optimise the coefficient of

performance (COP) of the RRTR, and are shown in Figure 6.5.
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Figure 6.6: The resonant tunnelling quantum ratchet potential under Vsd =

±0.5mV, where 0.25mV is applied to each side of the ratchet.

The important feature of the potential shown in Figure 6.5 is that the

base of the double barrier structure is asymmetric. This means that the

shape of the potential is different under source-drain voltages of opposite

sign, and thus ensures that the resonance energy is an asymmetric function

of Vsd, and allows heat to be pumped from one side to the other. The width

of the structure was chosen so as to give well spaced resonances.

A linear voltage drop was applied to the potential (Figure 6.6) and the

transmission probability as a function of energy calculated for Vsd =±0.5mV.
The results are shown in Figure 6.7. It can be seen that the asymmetry of the

potential has shifted the energy at which resonances occur. This shift means

that the magnitude of the difference of the two transmission probabilities,

∆τ(E), is almost the same as that of their average, Γ(E), around the first

two resonances. This is beneficial for the efficiency, as it depends upon the

ratio of the integrals of ∆τ (E) and Γ (E) through Λ and Ω.

In the same manner as in the previous section, Fermi energies were found
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Figure 6.7: The transmission probability of the double barrier potential under a

bias voltage of +/- 0.5mV.
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Figure 6.8: ∆τ for the double barrier potential under |Vsd| = ±0.5mV.
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Figure 6.9: Fermi energies for which the net current through the ratchet is zero

(for |Vsd| = 0.5mV) as a function of temperature.

(as a function of temperature) for which the net current through the device

was zero (at a set bias voltage of |Vsd| = 0.5mV) and these are shown in

Figure 6.9. The power and efficiency of the RRTR will be calculated for

Fermi energies between 6.5 and 6.8 m eV, which places the Fermi window

between the first positive and second negative peak in the ∆τ curve shown

in Figure 6.8. A number of regions could have been chosen, but for clarity

we focus on just this first region. For example, if the Fermi window is placed

between the second negative and second positive resonance, the device will

pump heat from the right to the left reservoir.

For each parameter triplet in the region chosen for study, the COP of the

RRTR as a refrigerator was calculated as a function of temperature, and is

shown in Figure 6.10.

The main point to note in Figure 6.10 is that the coefficient of performance

is positive for some range of temperature, indicating that the RRTR is able to

remove heat from the left reservoir. The asymmetric quantum point contact
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Figure 6.10: The coefficient of performance of the RRTR for the parameter triplets

shown in the previous figure. For temperatures where the COP is greater than

zero the RRTR is refrigerating the left reservoir of electrons.



CHAPTER 6. QUANTUM RATCHETS AS HEAT PUMPS 124

barrier used to model the experiments was not able to achieve this.

6.4 Conclusions

In this chapter it has been shown that mesoscopic rocked electron ratchets

can act as heat pumps. This can occur when the ratchet rectifies the motion

of low energy electrons in a direction opposite to that of high energy electrons,

so as to create a net flow of heat in the absence of a net current of particles,

that is, where the net current exhibits a reversal.

The second conclusion drawn in this chapter is that the amount of heat

transported depends upon the ratio of the integrals of |∆τ (E)| to Γ (E),

the difference between the transmission probability of the ratchet under bias

voltages of opposite sign to the average of these transmission probabilities.

As the transmission probabilities of the quantum point contact potential

are very similar under positive and negative bias voltages, the coefficient of

performance of the experimental potential as a refrigerator is negative. This

means that operating the ratchet heats both reservoirs of electrons either

side of the ratchet, but one less than the other.

Finally, it was shown in this chapter that one way of increasing |∆τ (E)|
with respect to Γ (E) is to use a rocked asymmetric quantum dot as the

quantum ratchet. This introduces resonance peaks into the transmission

probability which shift in energy under positive and negative bias voltages.

It was found numerically that the coefficient of performance of the RRTR

was high enough to cool one side of the device.

Given that it has been shown that a particular rocked resonant tunnelling

ratchet can in principle remove heat from an electron reservoir, it is interest-

ing to determine what limits the operating efficiency of an idealised RRTR.

An idealised RRTR has resonances which may be made arbitrarily sharp

and may be arbitrarily located as a function of energy. It will be shown an-

alytically in the next chapter that the efficiency of such an idealised rocked

resonant tunnelling ratchet as a refrigerator, or as a heat engine in the case
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that the electron reservoirs have different temperatures, is limited only by

the Carnot value.



Chapter 7

Energy Selective Electron Heat

Engines

7.1 Using Energy Filtering in an Electron Heat

Engine

In the previous chapter, a rocked resonant tunnelling ratchet was shown by

numerical simulation to be significantly better at pumping heat than the

potential used to model the experimental asymmetric QPC ratchet. This

chapter is motivated by Chapter 6 in that it describes the fundamental an-

alytical limits of the efficiency and power of the rocked resonant tunnelling

ratchet. However, the fundamental efficiency and power limits obtained ac-

tually have a much broader applicability, with implications for all of the

electron heat engines and refrigerators which were reviewed in Chapter 5.

As mentioned in that chapter, electron heat engines and refrigerators work

by employing energy selectivity in electron transport, usually by means of

an energy barrier in the direction of transport. One of the important con-

clusions of the present chapter is that the efficiency of electron heat engines

and refrigerators can be increased to the Carnot value if energy selectivity is

increased to the point where the only electrons transported are those with

an energy equal to that at which the Fermi occupation of states in the two

126
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electron reservoirs is equal [97].

7.1.1 The Energy Selective Electron Heat Engine

The system which will be the focus of this chapter is shown in Figure 7.1,

and will be called an energy selective electron (ESE) heat engine. It consists

of two infinitely large electron reservoirs with different temperatures and

chemical potentials. They are perfectly thermally insulated from each other,

and interact only via an ‘energy filter’, which freely transmits electrons in a

specified energy range and blocks the transport of all others. Three regimes

of behaviour will be considered in this chapter, the first where only electrons

with one particular energy (shown in Figure 7.1 as ER) are transmitted,

the second where electrons in a wide range, optimised for maximum power,

are transmitted. The final regime considered is intermediate to these two,

and corresponds to the transmission of a small, but finite range of energies.

Such a filter could in principle be implemented in a 1D-0D-1D system such

a quantum dot connected to the reservoirs via one-dimensional (1D) leads.

Assumptions that will be used throughout this chapter are as follows:

1. That transport between the reservoirs through the energy filter is bal-

listic. This means that the mean free path of the electrons between

inelastic collisions is greater than the distance the electrons have to

travel between the reservoirs. This assumption has been used through-

out this thesis.

2. The reservoirs are much larger than the mean-free-path of an electron,

so that transmitted electrons quickly relax to the Fermi energy once

in a reservoir, thus maintaining an equilibrium distribution. This, and

the previous assumption allow Landauer formalism to be applied the

system and means all entropy generation in the system occurs in the

two electron reservoirs.

3. kTC ¿ εC , and kTH ¿ εH . In this case the chemical potential of a
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Figure 7.1: The ESE heat engine. It consists of just one hot and one cold reservoir.

The reservoirs have Fermi energies εH and εC , and temperatures TC and TH

respectively. The ‘energy filter’ allows the reservoirs to exchange electrons with

a specified range of energies. In this case, only electrons with energy ER are

trasmitted.

free electron gas may be accurately approximated by the Fermi energy,

making the derivations in this chapter analytically tractable.

7.1.2 The Idealised Rocked Resonant Tunnelling Ratchet

To see how the the ESE heat engine is related to the RRTR described in

Chapter 6, note that the ESE heat engine can be viewed as operating as

one half-period of the rocked resonant tunnelling ratchet. In this case it is

assumed that the resonant tunnelling energy filter is asymmetric so that its

shape changes to have a resonance at ER = εC + φ when a bias voltage of

eV0 is applied to the right reservoir, and a resonance identical in width and

height at εC−φ when a bias voltage of −eV0 is applied to the right reservoir.
These two situations are illustrated schematically in Figure 7.2 (a) and (b).

It is shown in Appendix F that the heat flux into either reservoir in

the idealised RRTR is the same under positive and negative source-drain

voltages. This is a result of the symmetry of the resonance shift, which means
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Figure 7.2: (a) The idealised RRTR with a positive bias voltage applied to the

right reservoir. (b) with a negative voltage applied to the right reservoir. (c) an

equivalent "static" resonant tunnelling ratchet, consisting of an array of alternately

hot and cold reservoirs which move particles against a constant potential slope.

This type of ratchet is generally known as a "Seebeck" ratchet [4], or alternatively

as a Brownian Heat Engine (see, for example, [96, 87]). The Büttiker-Landauer

ratchet [94, 95] is also of this type. To model the behaviour of the two devices it

is sufficient to analyse just two reservoirs and the filter/resonance between them.

Two such reservoirs which comprise an ESE heat engine have been highlighted

with a box.
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that during one half of the cycle electrons carrying heat φ are transported

out of the cold reservoir into the hot reservoir, during the other half the same

number of electrons, this time carrying heat −φ, are transported out of the
hot reservoir and into the cold reservoir.

7.1.3 The Seebeck Resonant Tunnelling Ratchet

An array of ESE heat engines may also be examined, and is shown in Figure

7.2 (c). This system is interesting to mention, as it bears a strong prima

facie resemblance to the Büttiker-Landauer model [94, 95], discussed in §5.3.

Such ratchets are generally known as "Seebeck ratchets" [4]. It is interesting

that although this ‘Seebeck’ resonant tunnelling ratchet operates in the bal-

listic transport regime and the Büttiker-Landauer heat engine in the diffusive

regime, the efficiency of both is limited only by the Carnot value in principle

[96, 97]. In the same manner as for the RRTR, it can be shown that the heat

change in a reservoir in this ratchet due to its interaction with the reservoir on

the right is the same as the heat change due to its interaction with the reser-

voir on the left. This means that it is sufficient to analyse the fundamental

limits of the efficiency and power of the ESE heat engine to understand those

of both the Rocked and the Seebeck resonant tunnelling ratchets. Therefore,

only the ESE heat engine will be discussed in the remainder of this chapter.

7.2 Reversible Regime of Operation

In this section it will be shown that electrons with a particular, very narrow

range of energies may be reversibly transported between electron reservoirs

at different temperatures and potential energies. This result is surprising as

it is impossible to reversibly transfer electrons between reservoirs which differ

only in temperature (except at the Fermi energy, where no useful work can be

done) or between reservoirs which differ only in potential energy. However,

when both differences in potential energy and temperature exist between

two electron reservoirs, reversible transport is possible away from the Fermi
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energy, at the energy where the Fermi distributions in the two reservoirs are

equal.

The approach will be to derive the entropy change per electron transferred

between the reservoirs as a function of energy, then to use the Landauer ex-

pression for the current between two 1D reservoirs to calculate the entropy

change in the system per unit time due to the transfer of electrons in an

infinitesimally narrow energy range about ER. The heat flux into each reser-

voir may then be calculated and the efficiency derived from the expressions

for the heat flux into the hot and cold reservoirs as discussed in §6.1.

7.2.1 Entropy Change due to Transfer of Electrons be-

tween Electron Reservoirs

In this section, an analytic expression will be found for the entropy change in

the ESE heat engine when a small number δN of electrons each with total en-

ergy E, are transferred between the two reservoirs. This expression will then

be solved to find the energy at which electrons may be transferred between

the reservoirs with no increase in the entropy of the composite system.

The change in entropy of a free electron gas consisting of N electrons at

a temperature T and having a Fermi energy εF is [67]

S = Nk
π2

2

µ
kT

εF

¶"
1− π2

10

µ
kT

εF

¶2
+ · · ·

#
(7.1)

If kT ¿ εF then

S ≈ Nk
π2

2

kT

εF
(7.2)

It is shown in Appendix G that the change in entropy of a free electron gas

under the addition of δN electrons is then

δS =
E − εF

T
δN (7.3)

In writing this expression it is also assumed that the reservoirs are sufficiently

large that the change in temperature of the reservoir upon the addition of δN
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electrons in very small compared to the temperature of the reservoir, that is,

δT ¿ T.

Electron transport through the energy filter does not contribute to the

change in entropy of the composite system as it has been assumed to take

place elastically. This means that there is no change in the energy of the

electrons traversing the filter, so no heating and thus no increase in entropy

of the system occurs in the filter. If
·
N is the rate at which electrons with

total energy E flow from the cold reservoir in the ESE heat engine to the

hot reservoir, then the change in entropy of the system per unit time is

·
Stot =

·
E − εH
TH

− E − εC
TC

¸ ·
N. (7.4)

Two important results follow from Equation 7.4. The first is that Equa-

tion 7.4 changes sign at an energy which will be denoted E0, given by

E0 ≡ THεC − TCεH
TH − TC

. (7.5)

This means that the transfer of electrons with energy E0 between the two

reservoirs is a reversible process, resulting in no increase of the entropy of the

composite system. In the next section it will be shown that, physically, E0
is the energy at which the Fermi distributions in the two reservoirs cross. If

allowed to interact only through the exchange of electrons with this energy,

the reservoirs will remain in a state of quasi- or unstable equilibriumwith each

other, even though they have different temperatures and chemical potentials.

The second result is that Equation 7.4 specifies the thermodynamically

spontaneous direction for electron flow between the reservoirs as a function of

energy. For energies larger than E0, the expression in the brackets is positive.

This means that electrons with energies larger than E0 must spontaneously

flow from the hot to the cold reservoirs, so
·
N > 0 for E > E0. For energies

less than E0 the expression in the brackets is negative, so electrons with these

energies must, in fact, flow spontaneously from the cold to the hot reservoirs

in order to obey the second law of thermodynamics, which requires that
·
Stot ≥ 0.
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7.2.2 Number Flux between Electron Reservoirs

We will at this stage assume a specific model for our energy filter, that it

is an idealised quantum dot connected to the two electron reservoirs via 1D

leads. Datta notes on page 248 of [40] that if the dimensions of a quantum

dot are small enough that only one resonant state lies between the Fermi

energies in the adjacent reservoirs, "the structure then acts as a filter that

only lets electrons with energy E transmit".

In §6.3 a potential profile was assumed for the asymmetric quantum dot

which was analysed, and the transmission probability calculated for this po-

tential under the assumption of no electron-electron interactions. Here, the

focus is not on the details of transport through quantum dots, but rather

with determining the limiting efficiency and maximum power that could be

obtained from a heat engine or refrigerator incorporating an energy filter

realised using a quantum dot. Idealised quantum dots will therefore be as-

sumed, in which the two tunnel barriers are exactly the same width, that

is, the transmission probability and the tunnelling rates through the barriers

are the same. This means that the transmission probability of the quantum

dot may be set to unity over an infinitesimally small range of energies δE

around the energy of the resonance ER and zero elsewhere.

The Landauer equation, with a transmission probability of unity over

the specified range of energies and zero elsewhere, will therefore be used to

describe the theoretical maximum for the current through a quantum dot

energy filter (in this energy range).

Over a very narrow energy range δE, the integral can be evaluated at

energy ER as

·
N(ER) =

2

h
[fC (ER, εC , TC)− fH (ER, εH , TH)] δE (7.6)

Substituting Equation 7.6 into Equation 7.4 we can obtain an expression for
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the total entropy flux of the composite system as

·
Stot(ER) =

2

h

µ
ER − εH

TH
− ER − εC

TC

¶
(7.7) 1h

1 + exp
³
ER−εC
kTC

´i − 1h
1 + exp

³
ER−εH
kTH

´i
 δE (7.8)

Equation 7.7 shows that in the case of 1D-0D-1D ballistic transport

through an infinitesimally narrow energy filter, between reservoirs at dif-

ferent temperatures and potential energies, both the number and entropy

flux are zero at the energy where the occupation of states is the same in both

reservoirs. This energy is given by Equation 7.5, easily obtained by solv-

ing Equation 7.7 for
·
Stot(ER) = 0. Whenever

·
Stot is zero, heat is reversibly

transported between the reservoirs, and operation of the heat engine does

not increase the entropy of the system.

7.2.3 Heat Flux and Calculation of the Efficiency

In this section it will be explicitly demonstrated that the ESE heat engine

can operate with Carnot efficiency as either a heat engine or a refrigerator.

To calculate the efficiency, it is necessary to obtain an expression for the

heat flux into each reservoir,
·
Q, which occurs upon a flux of

·
N electrons

with energy E into the reservoir. As was done in §6.1, we use thhe first law

of thermodynamics for an open system at constant volume and pressure [67]

·
UC/H =

·
QC/H + µC/H

·
N. (7.9)

The change in the internal energy of the cold reservoir is
·
UC = −E

·
N and

that of the hot reservoir
·
UH = E

·
N , and the chemical potentials µC/H can be

approximated by the Fermi energies of the reservoirs if (as has been assumed

so far) kTC/H ¿ εC/H . We can obtain an expression for
·
QC/H (where C/H

indicates the cold (C) or hot (H) reservoirs) from Equation 7.9 as

·
QC/H = ∓(E − εC/H)

·
N. (7.10)
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Note that this is exactly equal to the entropy change of an electron reser-

voir upon a flux of
·
N electrons derived in Equation 7.3, multiplied by the

temperature of the reservoir. That is, even though the exchange of electrons

between the hot and cold reservoirs is in general not a reversible process,
·
QC/H = TC/H

·
SC/H for this system as long as kTC/H ¿ εC/H .

Substituting the expression for the flux of electrons between the reservoirs

given by Equation 7.6 into Equation 7.10, we can obtain an expression for

the heat change per unit time in each of the reservoirs as a function of the

energy of the filter ER as

·
QC = −

2

h
(ER − εC)(fC − fH)δE (7.11)

·
QH =

2

h
(ER − εH)(fC − fH)δE (7.12)

The negative sign appears in Equation 7.11 as the electron flux,
·
N , is defined

as positive for electrons flowing from the cold to the hot reservoir.

The heat engine operates using heat,
·
QH , from the hot reservoir to trans-

port electrons up the potential gradient to the cold reservoir, depositing some

waste heat,
·
QC, into the cold reservoir at the same time. Its efficiency, ηHE,

is defined as the ratio of the work output to the heat input. The work done is

given by the difference between the heat removed from the hot reservoir and

the heat deposited into the cold reservoir, −(
·
QH+

·
QC). For a monoenergetic

filter, the efficiency is then given by

ηHE =
εC − εH
ER − εH

(7.13)

The numerator of the expression in Equation 7.13 is just the difference

in the Fermi energies of the reservoirs. It is the amount of work done by the

ESE heat engine every time an electron is transmitted against the potential

gradient between the reservoirs. This work is done by drawing heat from

the hot reservoir equal to the difference between the energy of the electron

transmitted and the Fermi energy of the hot reservoir, and this factor appears

as the denominator.
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When the device is behaving as a refrigerator, electrons following the

potential gradient from the cold to the hot reservoir remove heat,
·
−QC,

from the cold reservoir and deposit it in the hot reservoir at the expense of

a reduction in their potential energy. The coefficent of performance of the

device as a refrigerator is given by the ratio of the heat removed from the

cold reservoir, and the work done to achieve this cooling,
·
QH +

·
QC , so that

ηR =
ER − εC
εC − εH

(7.14)

In this expression, the numerator is the heat removed from the cold reservoir

per electron with energy E transmitted from the hot to the cold reservoirs.

The denominator is the work expended in achieving this cooling, and is equal

to the potential energy lost by the electron travelling from the cold to the

hot reservoirs, which is simply the difference in the Fermi energies of the

reservoirs.

If the energy of the filter is set to the energy at which the Fermi dis-

tributions in the reservoirs are equal (Equation 7.5), ER = E0 ≡ (THεC −
TCεH)/(TH − TC), then simple substitution of the expression for E0 into

Equations 7.13 and 7.14 yields the Carnot efficiencies of

ηHE =
TH − TC

TH
= ηCarnotHE (7.15)

and

ηR =
TC

TH − TC
= ηCarnotR (7.16)

This demonstrates explicitly that the ESE heat engine can operate with

Carnot efficiency at the energy at which the Fermi distributions in the reser-

voirs are equal, as implied from the demonstration of reversibility given in

the previous section.

7.3 Maximum Power Regime of Operation

In the previous section, it was established that the ESE heat engine could

operate with Carnot efficiency when the energy of an ideal filter is situated
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where the Fermi distributions in the reservoirs are equal. However, at this

filter energy the device operates with zero power, or in other words, quasi-

statically (a necessary condition for reversible operation). This section will

address the questions:

1. Under what conditions is the power of this device as a heat engine or

refrigerator maximised?

2. What is the efficiency of the device under maximum power conditions?

In the first part of this section, expressions for the power and efficiency

of the ESE heat engine when operated under maximum power conditions,

will be derived analytically. In this regime of operation, transport in a large,

clearly defined range of energies is allowed. The efficiency at maximum power

is then compared with the Curzon-Ahlborn expression for the efficiency of an

endoreversible heat engine operating at maximum power. The situation inter-

mediate to maximum power and maximum efficiency will then be considered.

In this regime, we assume a filter with a finite width that may be continu-

ously varied from zero, to yield maximum efficiency, up to the width which

yields maximum power. In final section of this chapter, the results obtained

for the ESE heat engine in the maximum power regime will be compared

with results obtained by Geva and Kosloff [116] for the three-level maser, an

energy selective heat engine which utilses photons rather than electrons. It

will be shown that although the fully quantum approach used to describe the

dynamics of their system is very different to the semiclassical approach used

to describe the ESE heat engine in this thesis, many of the results obtained

in [116] can be easily reproduced for the ESE heat engine. It will be seen

that the ESE heat engine and three-level amplifier appear to be the same

sort of quantum heat engine, fundamentally different to the classical cyclical

engines such as the Stirling, Otto, Brayton or Diesel heat engines which are

generally well-described by endoreversible, finite-time thermodynamics.
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7.3.1 Maximum Power Achievable with a 1D System

To determine the maximum power obtainable from an ESE heat engine it

is noted that the power of the ESE heat engine over an infinitesimal energy

range δE is given by

PHE(E) = −
· ·
QH(E) +

·
QC(E)

¸
= −2

h
(εC − εH)[fC(E)− fH(E)]δE (7.17)

where
·
QH(E) and

·
QC(E) are the heat flux into the hot and cold electron

reservoirs respectively. εH and εC are the Fermi energies of each reservoir and

fC(E) and fH(E) are the Fermi distributions in the cold and hot reservoirs

respectively. Similarly, the power of the ESE refrigerator is given by

PR(E) = −
·
QC(E) =

2

h
(E − εC)[fC(E)− fH(E)]δE (7.18)

If PHE/δE and PR/δE are plotted as a function of E, we can determine

which electrons (as a function of their total energy) contribute positively to

the power of the system as a heat engine or refrigerator, and which elec-

trons reduce the power. Maximum power per filter will be achieved when

all electrons which contribute positively to the power are permitted to be

transmitted, and all electrons which reduce the power are blocked. Figure

7.3 shows a plot of Equations 7.17 and 7.18 for system parameters TC = 1K

and TH = 2K and (εC − εH) /k = 2K, where k is Boltzmann’s constant,

as a function of the energy of electrons relative to the Fermi energy of the

cold reservoir in units of temperature, (E − εC) /k. The units of temperature

were chosen for convenience, to allow easy comparison between the relative

magnitudes of the thermal and potential gradients. These particular tem-

peratures and Fermi energies were chosen as appropriate parameters for a

cryogenic electron refrigerator. These parameters are, of course, not those

which would be chosen for operating the device as a heat engine. However

the figures shown are simply intended to illustrate the analytic work, and

any temperature range could have been chosen for this purpose.

For the chosen parameter set, (E0 − εC) /k = 2K, and this value is

marked on Figure 7.3. It can be seen that PHE/δE and PR/δE are pos-
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Figure 7.3: Inset: A schematic of the energy ranges of electrons which contribute

positively to the power of the device as either a refrigerator or heat engine. Main:

P/δE as a function of the potential gradient in units of temperature, (E−εC)/k,
for reservoir temperatures TH = 2K, TC = 1K, (εC − εH) /k = 2K and εC/k =

12K. In this figure ‘R’ stands for the refrigerating power of the device and ‘HE’ for

the power as a heat engine. Electrons with total energies in the range εC < E <

E0 contribute positively to the power of the device as a refrigerator, and negatively

to the power of the device as a heat engine. The opposite is true for electrons with

energies in the range E0 < E <∞, they contribute positively to the power of the

device as a heat engine and negatively to its power as a refrigerator. To obtain

the maximum power from the ESE heat engine, all electrons with energies higher

than E0 should participate in transport, while all electrons with energies below

this should be blocked. Conversely, to obtain maximum power from the ESE

refrigerator, only electrons with energies between the εC and E0 should contribute

to the current, and all others blocked.
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itive in the ranges E > E0, and εC < E < E0 respectively. It is clear

that maximum power for the system as heat engine or refrigerator will be

achieved when all electrons with total energies within these respective ranges

are transmitted and no others. This maximum power can then be expressed

as

Pmax
HE (E) = −

2

h

Z ∞

E0

(εC − εH)[fC(E)− fH(E)]dE (7.19)

Pmax
R (E) =

2

h

Z E0

εC

(E − εC)[fC(E)− fH(E)]dE (7.20)

These integrals yield the maximum power in the particular case where the

magnitudes of the potential and thermal gradients, εC − εH and kTH − kTC

respectively, may be chosen independently. Both the integrals in Equations

7.19 and 7.20 may be solved analytically. The derivation has been placed in

Appendix I, as it is somewhat lengthy. The analytic solutions for the power

and the efficiency of the device as a heat engine at maximum power are (from

Appendix I)

PmaxHE = −2
h
(kTH − kTC)

2 γ0 ln

µ
exp (γ0)

1 + exp (γ0)

¶
(7.21)

ηmaxHE =
1− τ

1 + τ

−γ0 ln
³

exp(γ0)
1+exp(γ0)

´
 1

2

h
ln
³

exp(γ0)
1+exp(γ0)

´i2
+ di log

³
exp(γ0)
1+exp(γ0)

´
− 1
1+τ

γ0 ln
³

exp(γ0)
1+exp(γ0)

´  (7.22)

where the notation γ0 = (εC − εH)/(kTH − kTC) and τ = TC/TH has been

introduced to simplify the appearance of the equations. The power of the

device as a refrigerator in the maximum power regime is given analytically
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Figure 7.4: The maximum power of the ESR as a heat engine and refrigerator

calculated numerically as a function of γ0, the ratio of the potential gradient

to the thermal gradient. The reservoir temperatures are TH = 2K and

TC = 1K.
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by

Pmax
R =

2

h



−γ0kTC (kTH − kTC) ln
³

exp(γ0)
1+exp(γ0)

´
+
£
(kTH)

2 − (kTC)2
¤ ·

1
2

h
ln
³

exp(γ0)
1+exp(γ0)

´i2
+ di log

³
exp(γ0)
1+exp(γ0)

´¸
+(kTC)

2
h
1
2

£
ln
¡
1
2

¢¤2
+ di log

¡
1
2

¢i
− (kTH)2

 1
2

h
ln
³

exp[(εC−εH)/kTH ]
1+exp[(εC−εH)/kTH ]

´i2
+di log

³
exp[(εC−εH)/kTH ]
1+exp[(εC−εH)/kTH ]

´ 


(7.23)

and the efficiency by

ηmaxR =

"
Pmax
R
·
QR

#
(7.24)

where

·
QR =

2

h
(kTH − kTC)

2 γ0 ln

µ
exp (γ0)

1 + exp (γ0)

¶
(7.25)

−2
h
(kTH − kTC) γ0

 kTH ln
³

exp[(εC−εH)/kTH ]
1+exp[(εC−εH)/kTH ]

´
−kTC ln

¡
1
2

¢
 (7.26)

PmaxHE , PmaxP
R , ηmaxHE and η

max
R , calculated numerically from Equations 7.19

and 7.20, and corresponding equations for the efficiency, are plotted in Fig-

ures 7.4 and 7.5 as a function of γ0 for reservoir temperatures of TH = 2K

and TC = 1K. The behaviour in these Figures may be compared to that pre-

dicted analytically for limiting values of γ0, as discussed in the next sections.

Limiting behaviour of the power for heat engine operation

It can be seen in Figure 7.4 that the power of the ESE heat engine exhibits

a maximum at a finite value of γ0, slightly larger than unity, and goes to

zero for both small and large values of γ0. The existence of a maximum is

to be expected, as if γ0 is zero, no useful work is done by the device even

though electrons are transported from the hot to the cold reservoirs (this

is equivalent to short circuit conditions). If γ0 tends to infinity, then the

engine ‘stalls’ with the potential difference being too large compared to the
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Figure 7.5: The efficiency of the ESR as a heat engine and refrigerator calculated

as a function of (εC − εH)/k for TC = 1K and TH = 2K. It can be seen that the

efficiency of the ESR as a heat engine tends to zero for small values of (εC − εH),

and tends to the Carnot value of TH/(TH−TC) = 1/2 for large values of (εC−εH).
The efficiency of the device as a refrigerator tends to one-third of the Carnot value

(1/3)TC/(TH − TC) = 1/3 for small values of (εC − εH).
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Figure 7.6: The maximum power in Figure 7.4 plotted against the efficiency from

Figure 7.5. This figure explicitly shows that the ESE heat engine may be operated

at the same power with two different efficiencies, indicating that it is best to choose

a ratio of potential to thermal gradients which is greater than or equal to that at

which the maximum occurs in Figure 7.4. The ESE refrigerator curve however, is

monotonic, so there is no optimum value of (εC − εH)/(kTH − kTC). Power is

maximised when the efficiency is minimised, and vice-versa.
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temperature difference for electrons to be transported against it (open circuit

conditions).

The limiting behaviour of the power may also be analysed analytically as

follows.

If (εC − εH)→ 0 then by noting that

lim
x→0

[x ln (exp (x) / (1 + exp (x)))] = 0 (7.27)

it can be shown that Equation 7.21 will tend to zero, that is,

lim
(εC−εH)→0

PmaxHE = 0 (7.28)

If (εC − εH)→∞, and given that

lim
x→∞

[ln (exp (x) / (1 + exp (x)))] = 0 (7.29)

it can also be shown that Equation 7.21 will again tend to zero in this limit.

lim
(εC−εH)→∞

Pmax
HE = 0 (7.30)

Between these extremes of potential gradient, the power reaches a maxi-

mum value, given by the potential gradient for which the derivative of Equa-

tion 7.21 with respect to (εC − εH) is zero. The result, after some algebra,

and given that γmax0 = (εC − εH)
max/(kTH − kTC), where (εC − εH)

max is

the potential gradient for which Equation 7.21 is maximised, we obtain the

following closed form for the solution

γmax0 = − [1 + exp (γmax0 )] ln

·
exp (γmax0 )

1 + exp (γmax0 )

¸
(7.31)

This expression may be solved numerically to yield

γmax0 ≈ 1.1446 (7.32)

Limiting behaviour of the efficiency for heat engine operation

It is expected that in the short-circuit limit, where γ0 = 0, the efficiency

will go to zero as the device does no useful work, but still removes heat
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from the hot reservoir. In the open-circuit limit, where the device operates

quasistatically and no electrons are transported, γ0 =∞, it is expected that
the device should also operate reversibly. It is interesting to note that, as

discussed in the introduction (§5.3), Carnot efficiency has been predicted

for the diffusive analogue of the ESE heat engine, the Büttiker-Landauer

model, by Derenyi and Astumian [96] in the quasistatic limit of infinitely

high barriers (under certain conditions).

To derive these limits analytically for the ESE heat engine, note that

Equation 7.22 can be written as

ηmaxHE (γ0) =
A (γ0) (1− τ)

1 +A (γ0) + τ
(7.33)

where

A (γ0) =
−γ0 ln

³
exp(γ0)
1+exp(γ0)

´
1
2

h
ln
³

exp(γ0)
1+exp(γ0)

´i2
+ di log

³
exp(γ0)
1+exp(γ0)

´ (7.34)

Given that

lim
x→0

[di log (exp (x) / (1 + exp (x)))] = − ln (1/2)2 /2 + π2/12 (7.35)

it may be seen that in the limit of (εC − εH) → 0, the efficiency given by

Equation 7.33 tends to zero

lim
(εC−εH)→0

ηmaxHE = 0 (7.36)

Given that

lim
x→∞

[di log (exp (x) / (1 + exp (x)))] = 0 (7.37)

it can be shown that in the limit that (εC − εH) → ∞, that Equation 7.33

for the efficiency of the ESE heat engine tends to the Carnot value of 1− τ .

lim
(εC−εH)→∞

ηmaxHE = 1− τ (7.38)

Using the numerical value of γmax0 to fix the ratio of potential to thermal

gradients to that which maximises the power, an expression can be obtained
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Figure 7.7: The maximum power of the ESE heat engine per filter, given by

Equation 7.39, is shown, together with the Carnot efficiency and the Curzon-

Ahlborn efficiency (marked CA) for comparison.

for the efficiency of the ESE heat engine in terms of the ratio of reservoir

temperatures τ as

ηmaxHE (γ
max
0 ) =

A (γmax0 ) (1− τ)

1 +A (γmax0 ) + τ
(7.39)

where

A (γmax0 ) =

−γmax0 ln

µ
exp(γmax0 )
1+exp(γmax0 )

¶
1
2

·
ln

µ
exp(γmax0 )
1+exp(γmax0 )

¶¸2
+ di log

µ
exp(γmax0 )
1+exp(γmax0 )

¶ (7.40)

≈ 1.0685 (7.41)

Once the ratio of the potentials has been fixed, the efficiency of the ESE

heat engine depends only upon the ratio of the reservoir temperatures. In

this regime it is always smaller than the Carnot efficiency, 1 − τ . A plot of

ηmaxHE (γ
max
0 ) as a function of τ is shown in Figure 7.7 together with the Carnot
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efficiency, and the Curzon-Ahlborn (CA) efficiency for an endoreversible heat

engine, ηCA = 1−√τ , for comparison.

Is the ESE Heat Engine Endoreversible?

The CA efficiency was described in §5.4.2, but will be briefly discussed again

here for the convenience of the reader. The Curzon-Ahlborn efficiency ac-

curately describes the efficiency at maximum power of many types of heat

engines (e.g. Stirling,Otto, Brayton or Diesel) in which there is a finite

temperature difference between the working substance and the temperature

reservoirs, which allows the engine to perform work in a finite amount of

time. The internal working of the Curzon-Alhborn heat engine is assumed to

be reversible, that is, there is no entropy generated by the working gas mov-

ing through its cycle of compression and expansion. Such an engine, where

the only irreversibilites arise though interaction with the external heat reser-

voirs is generally called an endoreversible heat engine. It is described by the

Curzon-Alhborn efficiency when the rate of heat transfer is linearly depen-

dent upon the difference between the working gas and each reservoir. In such

a heat engine the temperatures of the reservoirs can be significantly different,

but heat is transferred between them via a working gas whose temperature

is always intermediate to the temperatures of the reservoirs.

In contrast to the case for conventional cyclic heat engines, in the ESE

heat engine the hot and the cold reservoirs exchange heat directly via the

transfer of electrons with a well-defined range of energies. No temperature

can be defined for these electrons, as their energy distribution is not de-

scribed by a Fermi function. The efficiency at maximum power of the ESE

heat engine cannot, therefore, be expected to approach the Carnot value for

small τ , as this situation involves reservoirs at radically different tempera-

tures directly exchanging heat. In fact, the efficiency differs dramatically

from the both the CA and Carnot values in this limit, ηmaxHE → 0.512 while

ηCA → ηCarnot = 1 as τ → 0. In the case where the ratio of reservoir tem-

peratures tends to unity, that is, the temperature difference approaches zero,
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the efficiency of the ESE heat engine tends to zero linearly in τ , as does the

Carnot efficiency, while the CA efficiency tends to zero faster, as
√
τ .

In summary, the ESE heat engine is not endoreversible, in that it does not

consist of an internally reversible cycle with all irreverisibilities linked to the

interaction of a working gas with heat reservoirs. Rather, in the ESE heat

engine, the reservoirs interact directly, exchanging electrons in a particular

range of energies with each other, making it quite distinct from converntional

cyclic engines. It will be seen in a later section that the ESE heat engine

shares this characteristic with another energy selective engine, the three-level

amplifier.

It is important to note that here the maximum power regime is defined as

is the maximum power per energy filter. Any implementation of the ESE heat

engine would be likely to include many such quantum dots or energy filters,

so the power obtained from such a device per unit area would depend upon

the density of filters or quantum dots. The same power could in principle be

obtained from a low density of quantum dots with very broad resonances, or

a higher density of quantum dots with narrow resonances. The latter setup

would operate at a higher efficiency, limited in principle only by the Carnot

value, while the former would be limited to a lower efficiency, as shown by

the above discussion.

Figure 7.8 shows the maximum power of the ESE heat engine per quantum

dot for a range of thermal gradients, when γ0 = γmax0 ≈ 1.1446 is substituted
into Equation 7.21.

Limiting behaviour of the power for refrigerator operation

The performance of the ESE refrigerator will now be analysed in the same

limiting regimes as the ESE heat engine. The power of the ESE refrigerator

(shown in Figure 7.4) must tend to zero for small γ0, as the window of

energies for which the refrigerating power is positive, between εC and E0,

closes as γ0 → 0. In the other limit, as γ0 → ∞, the ‘window’ between εC

and E0 tends to infinity, so the behaviour of the refrigerating power is not
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Figure 7.8: The maximum power of the ESE heat engine when (εC−εH)/(kTH−
kTC) = γmax0 , as a function of the temperature difference, TH−TC . The power at

TH − TC = 1K equates to the maximum power shown in Figure 7.4 for the ESE

heat engine for reservoir temperatures TH = 2K and TC = 1K.
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so intuitively clear. It turns out that the power tends to a maximum value,

for although the extra electrons removed from the cold reservoir in this limit

remove a lot of heat due to their high energy, there are exponentially less of

them to remove. This means that increasing γ0 (essentially eV ) beyond a

certain limit does result in a corresponding improvement of the refrigerating

power.

Writing this analytically, in the limit that (εC − εH)→ 0, Equation 7.23

will tend to zero as the potential gradient is not sufficiently large to remove

heat from the hot reservoir.

lim
(εC−εH)→0

PmaxR = 0 (7.42)

In the limit (εC − εH) → ∞ there is only one term in Equation 7.23 which

does not go to zero, giving the analytic result

lim
(εC−εH)→∞

Pmax
R = k2T 2C

2

h

π2

12
. (7.43)

This limiting behaviour can be seen from the numerical solution, shown in

Figure 7.4.

Limiting behaviour of the efficiency for refrigerator operation

The limiting behaviour of the efficiency at maximum power of the device as

a refrigerator may also be examined. The software package Maple was used

to evaluate the limit of equation 7.24 as (εC − εH)→ 0, which was found to

be

lim
(εC−εH)→0

ηmaxR =
1

3

·
τ

1− τ

¸
(7.44)

in agreement with the trend observed in the numerical calculation shown in

Figure 7.5. The physical reason for the factor of 1/3 which appears multi-

plying the Carnot efficiency in Equation 7.44 is, as yet, not entirely clear.

It may be that while the range of energies of the electrons which contribute

to transport, E0 − εC , does decrease as εC − εH becomes small, reversible

operation is still not approached, as electrons with energies at or very close
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to εC which remove no heat from the cold reservoir but contribute to heat-

ing in the hot reservoir, are still transported. This may be contrasted with

the situation which occurs when the device operates as a heat engine and

(εC − εH) / (kTH − kTC) is very large. As E0 becomes large and the differ-

ence in the Fermi distributions becomes small, a vanishingly small number

of electrons with a wide range of energies are transported, , but every elec-

tron transported against the potential gradient performs a finite amount of

useful work, and the efficiency approaches the Carnot value. It is, however,

still very intriguing that the limiting efficiency of the device as a refrigerator

should be exactly one third of Carnot efficiency as the potential gradient

tends to zero.

The efficiency of the device as a refrigerator in the opposite limit, where

(εC − εH)→∞, can be shown to be

lim
(εC−εH)→∞

ηmaxR = 0 (7.45)

Although the power of the device tends to a finite value in this limit, the heat

deposited in the hot reservoir tends to infinity, so that the ratio of these, the

efficiency, tends to zero.

7.3.2 The Intermediate Case: BetweenMaximumPower

and Maximum Efficiency

The next case analysed is that where electrons in a limited range of ener-

gies ∆E are transmitted, and where the central energy of the range, ER,

is the primary variable of the system. This regime can be understood to

be intermediate to those of maximum efficiency and maximum power which

were considered previously, as the width ∆E may be tuned to be small, thus

yielding small power and high efficiency, or very wide, to yield high power

and low efficiency. The situation resembles a resonance in a quantum dot,

the central energy of which might be tunable with a gate voltage, as is the

case in the quantum dot refrigerator envisiaged by Edwards et al. [73, 82]. It

is again assumed for simplicity that the transmission probability of electrons
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Figure 7.9: The second ‘maximum’ power scenario, in which the central energy,

ER, of a resonance of finite width, ∆E, is considered as the primary variable of

the system.

will be equal to one over the range ∆E, and zero elsewhere. A more realistic

assumption of a Lorentzian transmission probability can also be used [97].

The same qualitative behaviour is obtained, however results such as the lo-

cation of the power maximum are not as straightforward to interpret as they

are with a ‘rectangular’ shaped transmission function as used here.

To find the power in this situation, Equations 7.17 and 7.18 are integrated

between the limits ER −∆E/2 and ER +∆E/2 to yield

PR
HE(ER) =

2

h

Z ER+∆E/2

ER−∆E/2

(εC − εH)[fC(E)− fH(E)]dE (7.46)

and

PR
R (ER) =

2

h

Z ER+∆E/2

ER−∆E/2

(E − εC)[fC(E)− fH(E)]dE (7.47)

A numerical calculation of the resulting power and efficiency as a function

of ER was performed for the same values of temperature and Fermi energies

as were used in the previous section (TC = 1K, TH = 2K, εC/k = 12 K and

εH/k = 10 K), and are shown in Figures 7.10 and 7.11 for three different

resonance widths, ∆E/k = 0.5K, ∆E/k = 2K and ∆E/k = 3.5K.

In Figure 7.10, the three curves on the left represent the range of ER for

which the device is behaving as a refrigerator while the three on the right
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Figure 7.10: The power of the ESR as a function of Eres, for ∆E/k = 0.5K,

∆E/k = 2K and ∆E/k = 3.5K. For 12K > ER/k < 14K refrigeration

can occur while for ER/k > 14K the device behaves as a heat engine. These two

regimes of operation are marked on the figure by the vertical line at ER/k = 14K.

Note that for the ESE heat engine, increasing the width of the resonance increases

the maximum power (up to the limit given in §7.3.1) and the maximum moves to

higher values of ER. This occurs because as the width increases, the resonance has

to move to higher values of energy so as not to allow transport of electrons with

energies which reduce the power, as was illustrated by Figure 7.3. In the case of the

ESE refrigerator, increasing the width of the resonance only increases the power

up to a certain value (which is determined by the potential and thermal gradients

according to the previous section). For larger widths, the power decreases, as

electrons with energies which decrease the power are necessarily included in the

current. If the central energy of the finite width resonance is placed close to E0,

then a situation can exist in which no useful work is done, and both the power

and the efficiency are undefined (negative).
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Figure 7.11: The efficiency of the ESE refrigerator and heat engine for the same

parameters as in Figure 7.10. Note that the same ‘window’ appears around E0 for

the largest value of ∆E as was seen in Figure 7.10.

represent the range of ER for which the device is behaving as a heat engine

(the same can be seen in Figure 7.11).

It can be seen that wider resonances decrease the range of ER for which

the device can perform useful work, forming gaps around E0/k = 14K in

the power and efficiency curves for ∆E/k = 3.5K. These gaps occur when

the resonance samples a range of energies where some electrons contribute

to refrigeration while others contribute to heat engine behaviour such that

no useful work is done, even though energy is still expended.

When the resonance is very narrow, reversible behaviour is approached,

the power becomes small and the efficiency tends to the Carnot value (for

TC = 1K and TH = 2K, ηCHE = 0.5 and η
C
R = 1). Increasing the width of the

resonance increases the power of the ESE heat engine, with an upper bound

as derived in §7.3.1. For the ESE refrigerator the power can only be increased

to a finite value due to the finite range of energies which contribute positively
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Figure 7.12: A plot of the power of the ESE heat engine versus it’s efficiency.

This plot shows the "loop" shape characteristic of irreversible systems. The data

is the same as that shown in the right-hand sides of Figures 7.10 and 7.11. It can

be seen that as the width of the resonance increases, the power increases while the

efficiency decreases.

to refrigeration power. The range of refrigeration energies can however be

increased arbitrarily by decreasing the difference between TH and TC (kept

constant in this analysis).

The maxima in the efficiency curves always corresponds to the situation

when the lower edge of the resonance is placed on E0, that is, when ER =

E0+∆E/2. For wide resonances, the value of ER which maximises the power

is the same, ER = E0 +∆E/2. For narrow resonances however, maximum

power occurs when ER is centred on the energy for which Equations 7.17 and

7.18 are maximised. As shown in Figure 7.3, this occurs at electron energies

slightly higher and lower than E0 respectively.

Plots of the power versus the efficiency in this regime show the "loop"
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Figure 7.13: A plot of the power vs efficiency of the ESE refrigerator. For the

smallest width resonance, ∆E/k = 0.5 K, the maximum power reached by the

loop is low, but the maximum efficiency high. For the intermediate width reso-

nance, ∆E/k = 2 K, the maximum power reached by the loop is high, but the

maximum efficiency lower than for the narrower resonance. For the widest reso-

nance, ∆E/k = 3.5 K, both the maximum power and the maximum efficiency

are low. This occurs because at this width, the resonance extends to energies

above E0, where the device behaves as a heat engine, and to energies below εC ,

where the electrons do not remove any heat from the cold reservoir when they are

transported to the hot reservoir. Both the power and efficiency go down as the

device is doing less useful work in this situation.
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shape which is characteristic of heat engines and refrigerators in which pa-

rameter sets exist for which both the power and the efficiency are zero. For

the ESE heat engine and refrigerator this situation exists when heat engine

and refrigeration behaviour is mixed by the transmission of electrons with

energies both above and below E0 between the reservoirs, or when electrons

with energies both higher and lower than the Fermi energy of the cold reser-

voir are transmitted. Such situations were excluded from occuring in the

maximum power regime analysed in the previous section, and the plot of the

power versus the efficiency in that regime, Figure 7.6, did not show the loop

shapes which can be seen in Figure 7.12.

The significance of this is that for the ESE heat engine, ‘loop-shaped’

power versus efficiency plots are not a signature of the maximum power

regime of operation, even though transport is irreversible in this regime.

Rather loop-shapes only occur in the non-optimum regime of operation dis-

cussed above, and result from the mixing of refrigerating and heat engine

behaviour. This point emphases the advantage of utilising energy selectivity

to optimise the power produced, by only transporting electrons which are

beneficial to the power.

7.3.3 Comparison with the Three-Level Amplifier

A three-level amplifier, or maser, system was first analysed as a heat engine

by Scovil and Schulz-DuBois [117] in 1959, and is shown schematically in

Figure 7.14. Since then Geva et al. [118, 116, 119] have examined how

the irreversible thermodynamic performance of the three-level amplifier is

influenced by the quantum nature of its dynamics. In this section, it will

be shown that the 3-level amplifier and the ESE heat engine behave in an

analogous manner, with the same relationship between refrigerating and heat

engine behaviour as a function of the energy at which photons or electrons

are exchanged with the hot and cold reservoirs. This indicates that some

unified behaviour is expected for heat engines employing energy selectivity,

irrespective of the particular dynamics of the system.
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Reversible regime of operation

The three-level amplifier is shown schematically in Figure 7.14. The working

substance consists of a gas of non-interacting three-level atoms. The relative

occupations of the highest and lowest levels, u and g at energies Eu and Eg

respectively, are determined by thermal contact with the hot reservoir, on

the left in Figure 7.14. This thermal contact is provided by the exchange

of photons with frequency f = (Eu − Eg)/h through a narrow bandpass

filter. The relative occupations of the middle and lowest level, d and g at

energies Ed and Eg respectively, are determined by thermal contact with a

colder reservoir, on the right, by exchange of photons at a frequency f =

(Ed−Eg)/h. Work is done by the system via stimulated emission of photons

with energy (Eu −Ed) from level u to level d into a monochromatic radiation

field, and will occur whenever population inversion exists between u and

d. The system can operate in reverse as a refrigerator if work is done on

the system by supplying photons of energy (Eu −Ed) to excite electrons

from d to u, removing heat (Ed − Eg) from the cold reservoir and depositing

heat (Eu −Eg) into the hot reservoir. Reversible operation is achieved at

point of inversion between u and d, that is, when the population of electrons

occupying level u (determined by TH) and that of level d (determined by TC)

is equal.

The three-level amplifier works in an analogous manner to the ESE heat

engine. Particles at a single energy are extracted from a hot reservoir, so

that an amount of heat (Eu −Eg) is available to be converted into work.

In the case of the ESE heat engine this amount of heat is (E − εH). This

means that level u in the three-level amplifier may be physically associated

with the Fermi energy of the hot reservoir εH in the ESE heat engine, and

level g in the three-level amplifier with the energy at which electrons are

transmitted between the reservoirs. The amount of heat deposited into the

cold reservoir is (Ed −Eg) in the three-level amplifier, and (E − εC) in the

ESE heat engine, allowing level d in the three-level amplifier to be associated

with the Fermi energy of the cold reservoir in the ESE heat engine.
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Figure 7.14: A schematic of the three-level amplifier. A gas of three-level atoms

constitute a working substance. The u-g transition is in thermal contact with the

hot reservoir through the exchange of photons with energy (Eu −Eg) . Similarly,

the d-g transition is in thermal contact with a cold reservoir. When a population

inversion is established between levels u and d, the system emits stimulated radia-

tion with an energy (Eu − Ed) into a radiation field of intensity , thus amplifying

the field and doing useful work.
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It can then easily be shown that the same relationship between the reser-

voir temperatures and the arrangement of the energy levels which yields the

Carnot efficiency in the three-level amplifier also yields Carnot efficiency for

the ESE heat engine.

The efficiency of the three-level amplifier as a heat engine is given by [117]

η3LHE =
Eu − Ed

Eu −Eg
. (7.48)

Using the fact that εC may be associated with Ed and εH with Eu we can

substitute E0 = (EdTH − EuTC) / (TH − TC) for Eg, obtaining

η3LHE =
Eu −Ed

Eu − EdTH−EuTC
TH−TC

(7.49)

=
TH − TC

TH
(7.50)

= ηCarnotHE (7.51)

Maximum power regime of operation

We now compare the behaviour of both engines in the maximum power

regime, with a number of results obtained for the ESE heat engine with

a finite width resonance in §7.3.2, able to be mapped to results obtained for

the three-level amplifier by Geva and Kosloff in [116].

Geva and Kosloff derive a generalized master equation describing the

quantum dynamics of the three-level amplifier which remains thermodynam-

ically consistent in the limit of very intense driving fields, thus improving on

the work of Lamb [120]. They find that at very high field intensities, the

levels d and u split, as shown in Figure 7.15, so that the behaviour of the

three-level amplifier can be seen as being given by the combined output of

two different amplifiers, one working between the lower of each of the split

levels u and d and the ground level, and another working between the higher

levels and ground. The energy of the splitting is determined by the field

intensity through the Rabi frequency =
→
µ ·

→
EA, where

→
EA is the amplitude
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Figure 7.15: A schematic of the three-level amplifier under intense field ampli-

tudes, showing the splitting of levels u and d.

of the driving field in Geva and Kosloff’s model and
→
µ is the dipole moment

of the u-d transition.

There is no analogous effect in the simple semiclassical model of the ESE

heat engine presented in this thesis. However, it will be shown that the

behaviour of the ESE heat engine as a function of the central energy of

a finite width resonance can be matched to the behaviour of the three-level

amplifier as a function of the level splitting, which depends upon the intensity

of the monochromatic radiation field. There are two situations considered

by Geva and Kosloff.

1. The first is for the low temperature limit where À TC , TH , where the

occupation of the higher of the split u and d levels may be neglected.

In this situation, the efficiency of the amplifier is just

ηlT =
Eu −Ed

(Eu − )−Eg
(7.52)

which has a maximum at

lT
max = Eg − THEd − TCEu

TH − TC
(7.53)

Physically, lT
max, defined in Equation 7.53, is the value of needed to

achieve Carnot efficiency in the general case that Eg 6= E0. If the energy
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levels in the amplifier happened to be arranged with ‘ideal’ spacing so

as to yield Carnot efficiency for the particular temperatures of the

reservoirs, then lT
max would be equal to zero. Geva and Kosloff then

consider four ranges of field intensity. The first, where 0 < < lT
max

gives the range of field intensities for which the amplifier operates as

a heat engine. If < lT
max, then this means that the energy difference

between the ground and the higher levels d and u is larger than that

which would yield Carnot efficiency. This corresponds exactly to the

situation where the resonance in the ESE heat engine is higher than

E0.

If the resonance is between εC and E0 then the electron heat engine

operates as a refrigerator. This is also the case for the three-level

amplifier in the range lT
max < < Ed. As TC → 0, lT

max → Ed, and

the refrigeration window closes for the three-level amplifier, as it does

for the ESE refrigerator, with E0 → εC as TC → 0. The final two field

intensity ranges considered for the amplifier are where Ed < < Eu,

and Eu < <∞, corresponding to εC < E < εH and εH < E < 0 for

the electron heat engine, where no useful work is done in either device.

2. The second situation considered by Geva and Kosloffwas the case where

the bath temperatures are sufficiently large compared to that the

higher of the split levels also contributes to the thermodynamic behav-

iour of the amplifier as the intensity of the field is increased.

As the field intensity is increased beyond lT
max in the model of the ampli-

fier, the lower levels change from contributing positively to the power

of the amplifier as a heat engine to refrigerating the cold reservoir,

thus working against the higher levels which always operate as a heat

engine. When the power of the higher levels as a heat engine equal

that consumed by the lower levels which are operating as a refriger-

ator, both the output power and efficiency equal zero. The (almost)

analogous situation in the ESE heat engine is that of a resonance sit-
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uated above E0 whose width may be increased arbitrarily. The differ-

ence between the two is that in the ESE heat engine all electrons with

energies between the two extrema are transmitted, wheras in the three-

level amplifier only photons with energies at the two energy levels are

transmitted. The physical behaviour behaviour associated with each is

however qualitatively the same. The curves shown in Figure 7.10 for

Eres/k = 13K display behaviour analogous to that seen for the ampli-

fier, with increasing resonance width at constant ER corresponding to

decreasing power and efficiency (also see Figure 7.11).

The maximum power scenarios examined in this thesis for the ESE heat

engine and refrigerator have not yet been examined for the three-level am-

plifier. One might reproduce these scenarios by considering the ground level

of the three-level atoms to be a continuum of levels extending from Eg =

(EdTH − EuTC) / (TH − TC) down to −∞ for operation as a heat engine or

from Ed down to (EdTH − EuTC) / (TH − TC) for operation as a refrigerator.

It would be interesting to see if the results obtained for the ESE heat engine

and refrigerator could then be reproduced for the three-level amplifier in the

low field intensity limit originally considered by Lamb [120]. In the high field

intensity situation, that considered by Geva and Kosloff, new behaviour not

predicted for the ESE heat engine might be expected, as there is no physi-

cal analogue in the ESE heat engine for the level splitting in the three-level

amplifier induced by high field amplitudes.

7.4 Conclusions

The main results of this chapter can be summarised as follows:

1. Energy Selective Electron (ESE) heat engines or refrigerators consisting

of two reservoirs with different temperatures and potential energies

linked via an infinitesimally narrow bandwidth ballistic energy filter

can operate reversibly when the energy of the filter is set to the energy

E = E0, where the Fermi distributions in the two reservoirs are equal.
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2. The efficiency of ESE heat engines and ESE refrigerators is limited only

by the Carnot value.

3. Given free choice of both the potential and thermal gradients between

the reservoirs, maximum power is obtained from the ESE heat engine

when electrons with energies in the range E0 < E <∞ are transmitted

between the reservoirs. To obtain maximum power from the ESE re-

frigerator, only electrons with energies in the range εC < E < E0 must

be transmitted between the reservoirs.

4. There exists a maximum in the power obtained from the ESE heat

engine for a particular ratio of potential to thermal gradients. This ratio

γmax0 is the solution to Equation 7.31, which may be solved numerically

to obtain γmax0 ≈ 1.1446. There is no equivalent maximum in the power
of the ESE refrigerator, but rather the power tends towards the finite

limit Pmax
R = (π2k2T 2C) / (6h) as the ratio of the potential to thermal

gradients tends to infinity.

5. The efficiency of the ESE heat engine at the ratio of potential to thermal

gradients γmax0 , is a function only of the ratio of the temperatures of the

reservoirs, and is given by ηmaxHE (γ
max
0 ) = A (γmax0 ) (1− τ) / [A (γmax0 ) + (1 + τ)] ,

where A ≈ 1.0685. The ESE heat engine is not well-described by an en-
doreversible model in the maximum power regime, and its efficiency at

maximum power ηmaxHE (γ
max
0 ) differs significantly from both the Curzon-

Alhborn and Carnot efficiencies.

6. The efficiency at maximum power of the ESE refrigerator tends to 1/3

of the Carnot value for very small values of γ0, and tends to zero for

large values γ0.

7. The ESE heat engine and refrigerator operates in an analogous manner

to the three-level amplifier, displaying similar behaviour in the maxi-

mum power regime.



Chapter 8

Outlook

In this final chapter, the implications of the results of Chapter 7 for thermionic

and thermoelectric power generators and refrigerators are briefly explored.

8.1 Energy Filtering in Thermionic Power Gen-

erators and Refrigerators

As discussed in §5.2.2, thermionic power generators and refrigerators are elec-

tron heat engines which utilise an energy barrier to selectively transmit high

energy electrons ballistically between reservoirs. Each electron transmitted

must have a momentum in the direction of transport greater than some value

k0x, and so a minimum kinetic energy Emin = (~k0x)
2 /2m∗. The momentum of

transmitted electrons in the other two dimensions is, however, unconstrained

in conventional thermionic designs (they are 3D-2D-3D systems). The elec-

trons transmitted in this situation may be represented by the shaded region

on the left Fermi sphere in Figure 8.1, which shows in k-space the occupation

of states of a free electron gas. The two points to note are that the energy

spectrum of the current due to these electrons is

1. Broad

2. Dominated by high energy electrons.

166
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Figure 8.1: Left: The shaded area indicates which electrons in the Fermi sphere

are transmitted when only the momentum in the direction of transport is con-

strained to be greater than a particular value k0x. Right: The shaded area indicates

electrons which may participate in transport when momentum is constrained to

have a minimum value in all three dimensions.

The results of Chapter 7 of this thesis show that both of these character-

istics are detrimental to the efficiency of thermionic devices. The reason is

simply because the electrons which do work or remove heat most efficiently,

are those with energies just above E0, for a power generator, and those just

below E0, for a refrigerator.

8.1.1 Efficient Thermionic Power Generation

The ideal thermionic power generator would use an energy filter which con-

strained the momentum of transmitted electrons in three dimensions (a quasi

0D system such as a quantum dot) rather than an energy barrier in the di-

rection of transport, for two reasons. Firstly, because the efficiency of the

device can approach the Carnot limit in principle if only electrons at E0 are

transmitted (and if there is no phonon heat leaks). Secondly, because even if

a wide resonance is used to transfer a finite range of electron energies between

reservoirs, constraining the momentum of the electrons in all three dimen-
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sions means that the spectrum of the transmitted electrons is not dominated

by high energy electrons, which do the same amount of work as lower energy

electrons (eV per electron) but do it much less efficiently, removing more heat

from the hot reservoir. For comparison, the electrons which are transmitted

through a device in which momentum is constrained in three dimensions are

represented by the shaded shell in the right Fermi sphere in Figure 8.1, and

result in quite a different energy spectrum from that of a conventional device,

shown on the left. Note that throughout this thesis, a 1D-0D-1D system has

been analysed. The electrons transmitted in this case correspond to a cube

on the x-axis in the Fermi sphere on the right. A discussion of transport

through 3D-0D-03D systems is provided in Appendix H.

8.1.2 Efficient Thermionic Refrigeration

The ideal thermionic refrigerator would also utilise an energy filter which con-

strained the momentum of transmitted electrons in three dimensions, which

again means that the efficiency is limited only by the Carnot limit in princi-

ple (if there are no phonon heat leaks). In the case of a refrigerator the use

of a finite ‘window’ of transmission is even more important than for a power

generator, for in a refrigerator there is only a finite range of electrons with

energies which contribute positively to the power. If a simple barrier is used,

then the efficiency is always limited to below the Carnot value due to the

‘back-current’ of electrons with energies greater than E0, which reduce both

the power and the efficiency.

8.2 Relationship with Thermoelectric Theory

One of the most surprising results of Chapter 7, is that Equation 7.33, de-

scribing the efficiency of the ESE heat engine in the maximum power regime,

has the same functional dependence on the temperatures of the reservoirs as

that of thermoelectric power generators. The reason this is surprising is that

the equations used to describe electron transport in this thesis are only ap-
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plicable for ballistic transport, whereas electron transport in thermoelectric

devices is diffusive. The maximum efficiency of a thermoelectric heat engine

is given by [69]

ηTEH = (1− τ)

µ
M − 1
M + τ

¶
(8.1)

where M =
√
1 + Z, and Z = σS2Tav/κ is the thermoelectric figure of merit

of the material, where σ is the conductivity, S ≡ dV/dT the Seebeck co-

efficient, Tav = 0.5 (TH + TC) the average temperature of the junction, and

κ = κel + κph the thermal conductivity of the material which is the sum of

the thermal conductivity due to electron conduction and the thermal con-

ductivity due to the propagation of phonons through the lattice.

The efficiency of the ESE heat engine in the maximum power regime is

given by Equation 7.39, repeated here for the convenience of the reader.

ηmaxHE (γ0) = (1− τ)

µ
A (γ0)

1 +A (γ0) + τ

¶
(8.2)

where

A (γ0) =
−γ0 ln

³
exp(γ0)
1+exp(γ0)

´
1
2

h
ln
³

exp(γ0)
1+exp(γ0)

´i2
+ di log

³
exp(γ0)
1+exp(γ0)

´ (8.3)

and where γ0 ≡ (εC − εH) / (kTH − kTC).

Equations 8.1 and 8.2 both have the same explicit dependence on the

ratio of the potential gradient to the thermal gradient. The dependence of

the efficiency of the ESE heat engine on the electrical conductivity κel is

implicit in Equation 8.2, and there is no dependence on thermal conduction

due to phonons, as this has not been considered in this thesis. The form

derived for the efficiency of the ESE refrigerator in the maximum power

regime does not bear a likewise similarity to the expression for the efficiency

of a thermionic refrigerator. This may be expected, as the ESE refrigerator

only allows transport between the Fermi energy of the cold reservoir and E0,

whereas a thermionic refrigerator allows transport at all energies above the

barrier provided by the higher bandgap material in the p-n junction.

This is not the first time that a similarity between devices operated in

the ballistic and diffusive regime of transport has been noticed, and the
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physics behind it is not, as yet, well understood. Mahan et al., in their paper

on multilayer thermionic refrigeration [74], noted that in the limit that the

difference in temperature and electrical potential between reservoirs becomes

small, thermionic equations become identical with thermoelectric equations

if appropriate substitutions are made. Nolas, Sharp and Goldsmid, in their

recent (2001) book "Thermoelectrics" [71] observe that this

"...suggests that, although solid-state thermionic converters

are distinctly different from thermoelectric refrigerators and gen-

erators, there may be a close connection between them."

Vining and Mahan [80] have shown using equations for thermionics equiv-

alent to those used for determining the figure of merit Z of thermoelectric

materials, that any given material will perform better in thermoelectric mode

than thermionic mode. It will be interesting to determine whether this con-

clusion still holds true if the improvements to thermionic refrigerators and

power generators suggested in this thesis are implemented.



Appendix A

Fabrication Details

This appendix lists the steps followed in fabricating the devices, which are

fairly standard procedures for producing Point Contacts at the Ørsted Lab:

Wafer: mobility ∼630000cm2Vs @ 10K; Electron density ∼1.4e15m−2.

1. Cleave the wafer.

2. Wash in Acetone, then Methanol, then Isopropanol, Blow dry with N2
gas.

3. Spin resist (AZ4511) for 40 seconds at 4000 rev/min. Bake for 45 sec

at 115 ◦C.

4. Create mesas by UV lithography, putting wafer in contact with plates

and exposing the resist for 21 seconds using Karl Süss MJB3 mask-

aligner.

5. Develop the mesas, using AZ400K developer (0.25% solution of KOH

in water) for 60 seconds, then rinse with De-ionised millipore water.

Blow dry with N2 gas.

6. Ash for 30s (O2 plasma)

7. Etch using a solution of H3PO4(85%):H2O2(30%):H2O in a ratio of

1:1:38. This etches the exposed regions of the wafer at a rate of
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100nm/min. Then rinse with deionised millipore water to stop the etch.

Clean with Acetone to remove unexposed resist, then with methanol

and isopropanol. Dry with N2.

8. Repeat steps 1-6 (using AZ4521 resist) to create the contacts but do

not clean the resist off in the last step.

9. Deoxidise for 30s sec in NH3(25%):H2O in ratio 1:15.

10. Metallisation of the ohmic contacts. Use Au 400Å, Ge 600Å, Ni 270Å,

then Au 2000Å. Place into Acetone for a few minutes to get lift-off.

Wash with Methanol and Isopropanol. Blow dry.

11. Alloy the ohmic contacts in the alloying machine at temp 420 ◦C.

12. Repeat for ‘metal’ mask, without etching and using Cr 100Å and Au

1500Å to make gate contacts. These are not alloyed.

To do the E-beam lithography:

1. Clean sample in hot acetone, methanol and isopropanol (5min each @

50 ◦C)

2. Ash sample for 20 sec.

3. Deoxidise 5-10 min in 18% HCl:H2O. Rinse in Millipore water.

4. Pre-bake for 5 min at 185 ◦C.

5. Spin 2% PMMA at 6000 rpm for 60 sec

6. Hard Bake resist at 185 ◦C for 5 minutes

7. Expose sample in the SEM

8. Develop 60 sec in MIBK:2-propanol (1:3)

9. Post-bake at 115 ◦C for 5-10min
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10. Ash sample for 6 sec

11. Shallow etch in H3PO4:H2O2:H2O (1:1:38) ~100nm/min

The parameters used for the SEM exposure were as follows:

Line Dose: 5µC/cm

Beam current: 41nA

Step size: 5nm

Dose time: 1.585ms

Resist sensitivity parameter: 130

Total exposure time for asymmetric pattern: 19 sec.

The shape of the devices was given by:

Asymmetric specs: y=32.5 +/- [0.1/sqrt(x-32.01) + 0.125] for x = 32.01

to 33mm

Symmetric Specs: y=32.5 +/- [1.15*(x-32.5)^2 + 0.225] for x = 30.5 to

34.5mm

(center of working area: x=32.5mm, y=32.5mm)

After exposure on the SEM the device was etched for 20-25sec, that is,

about 40nm, which was just sufficient to remove the donor layer.



Appendix B

Details of the Data Analysis

The parameters measured directly in the experiment were

1. The voltage over the 1K resistor

2. The voltage over the device

3. The voltage over the Lakeshore RuOx resistor

These measurements were converted to the current through the device,

the differential conductance of the device and the temperature respectively

as follows.

If the device was asymmetrically gated, that is, the voltage divider in the

top right of figure 3.4 is not present then the differential current through the

device is given by

Idev = V1K/1000 (B.1)

If the device is symmetrically gated, then some of the current through

the 1K resistor goes through the device and some through the voltage divider

(resistance = 2×100 kΩ), and then the current through the circuit is given
by

dIdev/dVsd = V1K/1000− Vdev/200000 (B.2)

The voltage over the device may be used in this expression as is must be

equal to that dropped over the voltage divider as they are in parallel.
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The differential conductance is simply given by

gdev = Idev/Vdev (B.3)

where both Idev and Vdev are differential quantities (changes in the current

and voltage over the device with respect to the AC component of the source-

drain voltage).

The DC source-drain voltage which falls over the device (not including its

ohmic contacts) may be determined if the resistance of the ohmic contacts

and the rest of the measurement circuit is known.

V device
sd =

V circuit
sd

700

1/Gdiff
dev

1000 +Rohmics + 1/G
diff
dev

(B.4)

The temperature of the device was determined from the resistance of

the Lakeshore RuOx sensor using a Matlab program which was written to

implement the 10 parameter fit provided with the sensor for interpolation

between the calibrated values. Different fit parameters were used in the

temperature ranges 0.23K-1K and 1K to 5K.



Appendix C

Dependence of τ on the barrier

shape

Here the ∆τ (E) functions of three asymmetric potential barriers are calcu-

lated for the purpose of ascertaining how sensitive the transmission probabil-

ity is to changes in the degree of asymmetry or the width of a barrier. Poten-

tial ’A’ (shown in Figure C.1 under a source-drain voltage of ±Vsd = 4meV)
was made from sinusoids and is only slightly asymmetric. Potential ’B’ is

very asymmetric, and was produced by very slightly smoothing a sawtooth

shape based on the lithography of device D3 (shown in figure C.2). Potential

’C’ was produced by smoothing a sawtooth shape based on the lithography

of the devices in [26] (results for this potential are shown in [26]). Finally

potential ’D’ is simply potential C stretched so that its length is the same

as the lithographic length of D3 (shown in 3.2). Potential D was the poten-

tial chosen for in depth study in numerical modelling in the experimental

chapters of this thesis.

The ∆τ curves for all four potentials are shown in Figure C.4. The ∆τ

curve of potential B did not exhibit any sign changes, indicating that the

increase in width of the potential under negative bias voltage was sufficiently

great that the transmission probability for this polarity was smaller than

that for positive voltage for all energies, below and above the barrier height
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Figure C.1: Potential A is only slightly asymmetric and was created from sinu-

soids. It is shown for Vsd = ±4mV. Due to the fact that the potential is only
slightly asymmetric, its shape is very similar for source-drain voltages of oppo-

site sign. This in turn means that the the transmission probabilities of electrons

through it for positive and negative source-drain voltages will be very similar. The

manner in which Vsd was distributed over the barrier is also shown. This voltage

dropped over a section of the potential was chosen to be proportional to the slope

of the barrier in that section.
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Figure C.2: Potential B was made by very slightly smoothing a sawtooth barrier.

It is strongly asymmetric, and this fact is reflected in the very distinct difference

in its shape under positive and negative source-drain voltages. Here Vsd = ±4mV
and again the voltage is distributed accross the barrier in proportion to its local

gradient.
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Figure C.3: Barrier C (short) is the barrier which was used in the numerical

calculations in [26]. Barrier D (longer) is a stretched version of barrier C. These

barriers both have an intermediate amount of asymmetry, with the difference be-

tween them being the width of the barrier near the top. An increased width affects

the transmission probability as tunnelling is less likely.
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Figure C.4: The ∆τ curves of the potentials A to D.

(to > 50meV ). The ∆τ curve for potential A was relatively insignificant,

indicating that the potential experienced by the electrons in the experiment

was more asymmetric than this. It is likely that the asymmetry of the ex-

perimental potential lay somewhere between potential C and potential B.

In general, if a positive bias, (+Vsd), is applied to an asymmetric potential

(with the steep side on the right) the potential maxima becomes narrower and

sharper. If instead a negative bias, (−Vsd), is applied it becomes wider and
smoother (see Figures C.1, C.2 and C.3). This does not occur for symmetric

potentials, where the shape is the same under both bias voltage polarities.

As the transmission probability in the quantum regime depends not only on

the height of a barrier (which remains constant here), but also on the exact

shape of a barrier, the transmission probability of the barrier under positive

and negative bias voltages is not the same. This difference, ∆τ , is shown as

a function of energy in figure C.4. With reference to figures C.1, C.2, C.3

and C.4, some qualitative observations may be made about the effect of the
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shape of the potential upon ∆τ :

1. The narrower the potential, the smaller the energy at which tunnelling

begins.

2. Sharp maximas tend to increase wave-reflection at energies close to the

barrier height and cause oscillations in the transmission probability at

high energies.

3. The wider the potential, the larger the wave reflection at energies much

higher than the barrier height.

With reference to figure C.4, it can be seen that the ∆τ curves of all the

potentials exhibit:

1. An initial local maximum.

2. A local minimum near the barrier height of 8mV.

3. Another local maximum at energies higher than 8mV.

The relative magnitudes of these positive and negative areas depend upon

the details of the potential shape, but they are present in all four potentials

examined. It follows that the general predictions of the model may be ex-

pected to be insensitive to the exact shape of the asymmetric potential that

was ultimately chosen for further analysis (potential D). This is very im-

portant, given the difficulty of ascertaining the exact confinement potential

experienced by the electrons in the experiment.



Appendix D

Numerical Calculation of τ

The one-dimensional, time-independent Schrödinger equation for a free elec-

trons is:
d2ψ (x)

dx2
= k (x)ψ (x) (D.1)

where

k (x) =

p
2m∗ [E − V (x)]

~
(D.2)

and ψ (x) is the electron wave-function, V (x) the potential, m∗ the effective

mass of the electron (0.067me in GaAs) and E the energy of the electron.

This is a linear, second-order differential equation and may be solved

numerically by dividing the distance across the barrier from x = 0 to x = L

into segments of length δx, and using Numerov’s method [65] for solving

second order differential equations with no first-order deriviative term to

calculate the value of the wavefunction at segment n as:·
1− 1

12
(δx)2 k (n)

¸
ψ (n) =

·
2 +

5

6
(δx)2 k (n− 1)

¸
ψ (n− 1) (D.3)

−
·
1− 1

12
(δx)2 k (n− 2)

¸
ψ (n− 2)(D.4)

Two initial conditions are needed. It is known that, far from the barrier

on the right, the wavefunction of electrons transmitted across the barrier

is well-described by a plane wave (assuming the potential is constant far

from the barrier). Using this information, the wavefunction on the far side
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of the barrier is calculated first (conceptually, the electron is propagated

’backwards’ over the barrier) by using the substituation z = L − x. The

initial conditions are taken at z = 0 and z = δx to be ψ (0) = 1 and

ψ (δx) = exp [−ik (δx) δx] where

k (δx) =

p
2m∗ [E − V (δx)]

~
(D.5)

To find the transmission probability from the wavefunction, it is noted that

far from the barrier on left (the direction of incidence) the wavefuntion of the

electron can be assumed to be a combination of right- and left-going plane

waves, and can be written as

ψ (x) = A exp [−ik (x)x] +B exp [+ik (x)x] (D.6)

where A and B are amplitudes of the incident and reflected waves respec-

tively. To obtain an expression for A, the equations for the wavefunction at

x = 0 and x = δx are solved simultaneously to give:

A =
ψ (δx)− ψ (0) exp [ik (0) δx]

exp [−ik (0) δx]− exp [ik (0) δx] (D.7)

Assuming that half of the source-drain voltage Vsd is applied to each side of

the barrier (+eVsd/2 to the left and −eVsd/2 to the right side), and defining
C as the amplitude of the transmitted wave, the transmission probability

may then be found as:

T (ε, Vsd) =
k (0)

k (L)

C C

A A
=

s
ε− eVsd/2

ε+ eVsd/2

1

A A
(D.8)



Appendix E

Saddle-point Potential Model

The saddle-point potential model assumes that the two-dimensional potential

of the point contact close to the narrowest point can be described by an

analytic ’saddle’ shape (for zero magnetic field):

U(x, y) = U0(Vsd) + 0.5m
∗ω2yy

2 − 0.5m∗ω2xx
2 (E.1)

where m∗ is the effective mass of an electron, ωx and ωy are parameters

describing the shape of the saddle and x and y are the coordinates along the

length and width of the point contact respectively. The model retains only

the linear and quadratic terms of the Taylor expansion of the electrostatic

potential near the centre of the point contact, and assumes that the shape

of the potential doesn’t change with the source drain voltage Vsd, but rather

that the electrostatic potential energy of the saddle-point is a function of Vsd.
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Fermi Distribution Proof

As referred to in §7.1.2, in this appendix it will be shown that the heat

flux into the hot and cold reservoirs is the same for positive and negative

source drain voltage when the transmission probability is a resonance which

is located at εC + φ for +Vsd, and at εC − φ for −Vsd. That is,
·
QC (+Vsd) =·

QC (−Vsd) and
·
QH (+Vsd) =

·
QH (−Vsd) .

For simplicity it will be assumed that the resonance is sufficiently narrow

that the integrals in Equations 6.3 and 6.4 may be evaluated at the energy

of the resonance. The heat flux into the cold and hot reservoirs is then

·
QC(±Vsd) = ±

2

h
φ

 1

exp
h
±φ±eVsd
kTH

i
+ 1
− 1

exp
h
±φ
kTC

i
+ 1

 δE (F.1)

·
QR(±Vsd) = ±

2

h
[φ+ eVsd/2]

 1

exp
h
±φ±eVsd
kTH

i
+ 1
− 1

exp
h
±φ
kTC

i
+ 1

 δE

(F.2)

Now
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·
QC(−Vsd) = −2

h
φ

 1

exp
h
−φ−eVsd
kTH

i
+ 1
− 1

exp
h
−φ
kTC

i
+ 1

 δE (F.3)

= −2
h
φ

 exp
h
−−φ−eVsd

kTH

i
1 + exp

h
−−φ−eVsd

kTH

i − exp
h
− −φ

kTC

i
1 + exp

h
− −φ

kTC

i
 δE(F.4)

= −2
h
φ


exp

h
+φ+eVsd
kTH

i
exp

h
+φ+eVsd
kTH

i
+1
− 1

− exp
h
+φ
kTC

i
exp

h
+φ
kTC

i
+1
+ 1

 δE (F.5)

= −2
h
φ


exp

h
+φ+eVsd
kTH

i
−exp

h
+φ+eVsd
kTH

i
−1

exp
h
+φ
kTH

i
+1

−exp
h
+φ
kTC

i
−exp

h
+φ
kTC

i
−1

exp
h
+φ
kTC

i
+1

 δE (F.6)

= −2
h
φ

 −1
exp

h
+φ+eVsd
kTH

i
+ 1
− −1
exp

h
+φ
kTC

i
+ 1

 δE (F.7)

=
2

h
φ

 1

exp
h
+φ+eVsd
kTH

i
+ 1
− 1

exp
h
+φ
kTC

i
+ 1

 δE (F.8)

=
·
QC (+Vsd) (F.9)

It can similarly be shown that
·
QH (+Vsd) =

·
QH (−Vsd) .



Appendix G

Derivation of δS/δN

The entropy of a free electron gas in a conductor is given by [67]

S = Nk
π2

2

µ
kT

εF

¶"
1− π2

10

µ
kT

εF

¶2
+ · · ·

#
≈ Nk

π2

2

kT

εF
(G.1)

Here N is the total number of electrons, T is the temperature of the gas,

and the Fermi energy F is given by

εF =
h2

8m

µ
3N

πV

¶2/3
(G.2)

If we add a small number of electrons to the reservoir, δN , then the corre-

sponding change in the entropy of the gas is given by

δS =
k2π2

6

T

εF
δN +

k2π2

2εF

δT

δN
δN (G.3)

δ F/δN is given by the partial derivative of Equation G.2 with respect to N

δ F

δN
=
2

3

π2

2m

µ
3N

πV

¶2/3
N−1 =

2

3

εF
N

(G.4)

In order to find an expression for δT/δN we take the partial derivative of the

total energy, U , of the electron gas with respect to N, and note that if the

electrons added all have energy E, then δU/δN must be equal to E. From

[67],

U =
3

5
NεF

·
1 +

5π2

12

µ
kT

εF

¶
− · · ·

¸
. (G.5)
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Then
δU

δN
= εF +

π2k2NT

2 F

δT

δN
= E (G.6)

and

δT = −2εF (E − εF )

π2k2T

δN

N
. (G.7)

Substituting Equations G.4 and G.7 into Equation G.3 we obtain

δS =
k2π2

6

T

εF
δN +

E − εF
T

δN (G.8)

We earlier assumed that kT was small compared to F , when the cubic

term in Equation 7.1 was disregarded. We may then also disregard the first

term in Equation G.8 to finally obtain the usual expression for the change in

entropy of an electron gas upon the addition of δN electrons.

δS =
E − εF

T
δN (G.9)

This equation is only valid where δT ¿ T , and where kT ¿ εF .



Appendix H

2D-0D-2D and 3D-0D-3D

transport

In §7.2.1 it was demonstrated that the second law of thermodynamics places

a restriction in the form that the energy-resolved current between two elec-

tron reservoirs may take. As shown by Equation 7.4, the second law specifies

that the current
·
N (E) between two electron reservoirs over a small range of

energies δE about the energy E, must be proportional to the difference in

the occupation of states in the reservoirs at this energy E. In §7.2.2 it was

confirmed that the Landauer equation, used to describe transport between

one-dimensional reservoirs, is consistent with this requirement. In this sec-

tion, it will be shown that the current between two and three dimensional

reservoirs via an energy filter, that is 3D-0D-3D or 2D-0D-2D transport sit-

uations, yields an expression which also changes sign at the energy required

by Equation 7.4 when derived under the same assumptions as were used in

§7.2.2. In this case it is assumed that all modes in the 3D lead with the

‘right’ energy couple perfectly with the state in the quantum dot energy

filter. In reality, the coupling of states in the 3D leads will not be com-

plete, and a discussion of recent work using Greens formalism to calculate

the 3D-0D-3D current is given at the end. The analysis presented here does

however give an upper limit on the current through a quantum dot via 3D
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leads by assuming perfect coupling. It should be made clear that where a

higher dimensional reservoir is adiabatically merged into a one-dimensional

region, through which transport then proceeds ballistically, as is the case

for the QPC devices discussed in the first chapters of this thesis, then the

current is well-described by the one-dimensional Landauer formalism already

introduced.

The strategy used in this section is similar to that used in deriving the

expression for the current between one-dimensional reservoirs in §7.2.2. The

assumption used is that current is given, as a function of wave-vector, by the

product of number of states (at a particular wave-number), the occupation of

those states, and velocity in the direction of transport (assumed to be the z-

direction). Per ’energy filter’ between the reservoirs, the current of electrons

over a small momentum range δkr from the cold to the hot reservoir (please

refer to figure 7.1 for an illustration),
·
N(E)C→H , is given in spherical k-space

coordinates by

·
N
3D

C→H(kr) =

Z π

0

Z π/2

−π/2

·
2k2r sin kφdkθdkφ

(2π)3

¸ ·
~
m
kr sin kφ cos kθ

¸
fC(E)δkr

(H.1)
·
N
2D

C→H(kr) =

Z π/2

−π/2

·
2krdkθ
(2π)2

¸ ·
~
m
kr cos kθ

¸
fC(E)δkr (H.2)

The terms in
·
N(E)C→H are, respectively, the product of a volume element

in k-space and density of states, the occupation function, fC(E), and the

speed of electrons with velocity ~kr/m in the direction of transport, which

is assumed to be the z-direction, in three and two-dimensions. We can now

integrate over kθ and kφ (where appropriate) and we then obtain

·
N
3D

C→H(kr) =
~

4mπ2
k3rfCδkr (H.3)

·
N
2D

C→H(kr) =
~

mπ2
k2rfCδkr (H.4)

We change variables to energy, E = ~2k2r/2m. Then

·
N
3D

C→H(E) =
2mE

4~3π2
fCδE (H.5)
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·
N
2D

C→H(E) =

√
2mE

~2π2
fCδE (H.6)

This then is the flux of electrons travelling from the cold to the hot

reservoir. The hot to cold-going flux is obtained similarly as
·
N
3D

C→H(E) = −
2mE

4~3π2
fHδE (H.7)

·
N
2D

C→H(E) = −
√
2mE

~2π2
fHδE (H.8)

This gives the total flux as
·
N
3D

(E) =
2mE

4~3π2
[fC − fH ] δE (H.9)

·
N
2D

(E) =

√
2mE

~2π2
[fC − fH ] δE (H.10)

Substituting Equations H.9 and H.10 into Equation 7.4 we can obtain

expressions for the total entropy flux of the composite system consisting of

the hot and cold reservoirs as

·
S
3D

tot =
2mE

4~3π2

·
E − εH
TH

− E − εC
TC

¸ 1

1 + exp
³
E− C

kTC

´ − 1

1 + exp
³
E− H

kTH

´
 δE
(H.11)

·
S
2D

tot =

√
2mE

~2π2

·
E − εH
TH

− E − εC
TC

¸ 1

1 + exp
³
E− C

kTC

´ − 1

1 + exp
³
E− H

kTH

´
 δE

(H.12)

Equations H.11 and H.12 give an indication of the current expected in a

3D-0D-3D or 2D-0D-2D system, and are consistent with the thermodynam-

ical requirement expressed by Equation 7.4. However, the contribution from

a state in the leads will, in general, be k dependent, and a more sophisti-

cated approach is really needed to describe 3D-0D-3D current. Boero et al.

[121, 122] have calculated the current through a quantum dot for the situ-

ation where the emitter and collector contacts are three-dimensional using

the Landauer formula derived for interacting systems by Meir and Wingreen

[123]

I = −2e
h

Z
dE [fL (E)− fR (E)] Im

¡
Tr
¡
Γ (E)GR (E)

¢¢
(H.13)
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where I is the current flowing through the system, fL and fR are the Fermi-

Dirac distribution functions for the left and right contacts, GR is the quantum-

dot retarded Green’s function. Γ represents the coupling between the dot

states and the contacts

Γ =
ΓLΓR

ΓL + ΓR
(H.14)

where

ΓLa,b =
X
n

ρLn (E)V
∗L
a,nV

L
n,b (H.15)

where ρn (E) is the density of states in the contact in the nth sub-band, and

V ∗La,n and V
L
n,b are the matrix elements between the dot states and the contacts.

As many states in the contacts can couple to a particular state in the dot, the

calculation of Γ is more complicated for three-dimensional contacts than for

one-dimensional contacts, where the lateral state of an electron is not changed

during tunnelling. Note is that Equation H.13 contains a multiplicative term

consisting of the difference in the Fermi distributions in the emitter and

collector contacts, as required by Equation 7.4.



Appendix I

Maximum Power Integrals

Here the analytic expressions for the power and efficiency of the ESE heat

engine and refrigerator operating in the maximum power regime will be de-

rived.

The heat change in the cold reservoir is given by

·
QC = −

2

h

Z b

a

(E − εC)

Ã·
1 + exp

µ
E − εC
kTC

¶¸−1
−
·
1 + exp

µ
E − εH
kTH

¶¸−1!
dE

(I.1)
·
QH =

2

h

Z b

a

(E − εH)

Ã·
1 + exp

µ
E − εC
kTC

¶¸−1
−
·
1 + exp

µ
E − εH
kTH

¶¸−1!
dE

(I.2)

The power of the device when it is behaving as a heat engine is

PHE = −
µ ·
QC +

·
QH

¶
(I.3)

and the efficiency given by

ηHE =

−
µ ·
QC +

·
QH

¶
−

·
QH

(I.4)

The power of the device when it is behaving as a refrigerator is given by

PR = −
·
QC (I.5)
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and the efficiency given by

ηR =
−

·
QC

·
QC +

·
QH

(I.6)

The integrals I.1 and I.2 must each be done between the limits E0 =

(εCTH − εHTC)/(TH − TC) and∞, and εC and E0 to calculate the efficiency

at maximum power for the device as a heat engine (ηmaxHE ) and as a refrigerator

(ηmaxR ).

Let

I1 = +
2

h

Z b

a

(E − εH)

1 + exp
³
E−εC
kTC

´dE (I.7)

I2 = −2
h

Z b

a

(E − εH)

1 + exp
³
E−εH
kTH

´dE (I.8)

I3 = −2
h

Z b

a

(E − εC)

1 + exp
³
E−εC
kTC

´dE (I.9)

I4 = +
2

h

Z b

a

(E − εC)

1 + exp
³
E−εH
kTH

´dE (I.10)

Then
·
QH = I1 + I2, and

·
QC = I3 + I4

I1 will be calculated analytically. I2, I3 and I4 may be calculated similarly.

Using integration by parts

I1 = [(E − εH) I5]
b
a −

Z b

a

I5dE = [(E − εH) I5]
b
a − I6 (I.11)

where

I5 =
2

h

Z
dE

1 + exp
³
E−εC
kTC

´ (I.12)

Using the substitution

x = exp

µ
E − εC
kTC

¶
(I.13)
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gives

I5 =
2

h
kTC

Z
1

x

1

1 + x
dx (I.14)

=
2

h
kTC

Z
1

x
− 1

1 + x
dx (I.15)

=
2

h
kTC ln

 exp
³
E=εC
kTC

´
1 + exp

³
E=εC
kTC

´
 (I.16)

and where

I6 =

Z b

a

I5dE =
2

h
kTC

Z b

a

ln

 exp
³
E−εC
kTC

´
1 + exp

³
E−εC
kTC

´
 dE (I.17)

Again the substitution I.13 is used to obtain

I6 =
2

h
(kTC)

2

Z b

a

1

x
ln

·
x

1 + x

¸
dx (I.18)

then the substitution u = x/(1 + x) is used to obtain

I6 =
2

h
(kTC)

2

Z b

a

ln [u]
1− u

u

du

(1− u)2
(I.19)

=
2

h
(kTC)

2

Z b

a

µ
ln [u]

u
+
ln [u]

1− u

¶
du (I.20)

=
2

h
(kTC)

2

 ln

·
exp

³
E−εC
kTC

´
1+exp

³
E−εC
kTC

´¸2
+di log

·
exp

³
E−εC
kTC

´
1+exp

³
E−εC
kTC

´¸

b

a

(I.21)

The function dilog is defined as

di log (x) =

xZ
1

ln (t)

1− t
dt (I.22)

Using the notation γC = (E − εC)/(kTC) and γC = (E − εC)/(kTC), and

doing the integrals I2, I3 and I4 in a similar manner to the above, gives the
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following results for
·
QH and

·
QC.

·
QH =

2

h


kTCkTHγH ln

³
exp(γC)
1+exp(γC)

´
− (kTC)2 ln

³
exp(γC)
1+exp(γC)

´2
− (kTC)2 di log

³
exp(γC)
1+exp(γC)

´
− (kTH)2 γH ln

³
exp(γH)
1+exp(γH)

´
+(kTH)

2 ln
³

exp(γH)
1+exp(γH)

´2
+ (kTH)

2 di log
³

exp(γH)
1+exp(γH)

´

b

a
(I.23)

·
QC = −

2

h


(kTC)

2 γC ln
³

exp(γC)
1+exp(γC)

´
− (kTC)2 ln

³
exp(γC)
1+exp(γC)

´2
− (kTC)2 di log

³
exp(γC)
1+exp(γC)

´
− kTHkTCγC ln

³
exp(γH)
1+exp(γH)

´
+(kTH)

2 ln
³

exp(γH)
1+exp(γH)

´2
+ (kTH)

2 di log
³

exp(γH)
1+exp(γH)

´

b

a
(I.24)

The maximum power of the device as a heat engine, and the efficiency

of the device at this maximum power will be given when these integrals are

evaluated between the limits E0 and ∞. Using the notation

γ0 =
εC − εH

kTH − kTC
(I.25)

and equations I.3 and I.4 gives

PmaxHE = −2
h
(kTH − kTC)

2 γ0 ln

µ
exp (γ0)

1 + exp (γ0)

¶
(I.26)

ηmaxHE =
(1− τ)

(1 + τ)

−γ0 ln
³

exp(γ0)
1+exp(γ0)

´
·
ln
³

exp(γ0)
1+exp(γ0)

´2
+ di log

³
exp(γ0)
1+exp(γ0)

´
− 1

1+τ
γ0 ln

³
exp(γ0)
1+exp(γ0)

´¸
(I.27)

where τ = TC/TH .

The maximum power of the device when it is behaving as a refrigerator

will be given when equations I.23 and I.24 are evaluated between the limits
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εC and E0. Using equations I.5 and I.6 we obtain

Pmax
R =

2

h



−γ0kTC (kTH − kTC) ln
³

exp(γ0)
1+exp(γ0)

´
+
£
(kTH)

2 − (kTC)2
¤ ·
ln
³

exp(γ0)
1+exp(γ0)

´2
+ di log

³
exp(γ0)
1+exp(γ0)

´¸
+(kTC)

2
h
ln
¡
1
2

¢2
+ di log

¡
1
2

¢i
− (kTH)2

 ln
³

exp[(εC−εH)/kTH ]
1+exp[(εC−εH)/kTH ]

´2
+di log

³
exp[(εC−εH)/kTH ]
1+exp[(εC−εH)/kTH ]

´ 


(I.28)

ηmaxR =
2

h

"
Pmax
R
·
Qin

#
(I.29)

where

·
Qin = (kTH − kTC)

2 γ0 ln

µ
exp (γ0)

1 + exp (γ0)

¶
(I.30)

− (εC − εH)

 TH ln
³

exp[(εC−εH)/kTH ]
1+exp[(εC−εH)/kTH ]

´
−TC ln

¡
1
2

¢
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